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INVARIANTS OF ALGEBRAIC VARIETIES OVER
IMPERFECT FIELDS
HIROMU TANAKA
Abstract. We introduce four invariants of algebraic varieties over
imperfect fields, each of which measures either geometric non-
normality or geometric non-reducedness. The first objective of
this article is to establish fundamental properties of these invari-
ants. We then apply our results to curves over imperfect fields.
In particular, we establish a genus change formula and prove the
boundedness of non-smooth regular curves of genus one. We also
compute our invariants for some explicit examples.
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1. Introduction
Study of fibrations π : V → W is one of main tools in algebraic
geometry to reduce many problems to the ones of lower dimension.
To apply this technique, it is important to derive good properties on
fibres from the ambient space V . For example, we may use the generic
smoothness if the base field is of characteristic zero, i.e. if π : V →
W is a morphism of smooth varieties, then also general fibres of f
are smooth. In positive characteristic, the same statement is not true
in general. We naturally encounter such pathological phenomena in
classification theory of algebraic varieties, e.g. quasi-elliptic fibrations
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[BM76] and wild conic bundles [Kol91], [MS03]. Although general fibres
behave wildly in positive characteristic, a similar statement holds for
generic fibres. More specifically, if the ambient space V is a smooth
variety, then the generic fibre V ×W SpecK(W ) is a regular variety,
i.e. any stalk is a regular local ring. On the other hand, the base
field K(W ) is no longer a perfect field even if the original base field
is algebraically closed. Therefore, it is important to study algebraic
varieties over imperfect fields.
The purpose of this article is to give a systematic approach to study
algebraic varieties over imperfect fields by using invariants. Especially,
we focus on geometric non-normality and geometric non-reducedness.
We will introduce four invariants γ(X/k), ℓF (X/k), mF (X/k), and ǫ(X/k).
The first two invariants are related to geometric normality, whilst the
latter two are related to geometric reducedness. These invariants are
defined as follows.
Definition 1.1 (Definition 4.1). Let k be a field of characteristic p > 0
and let X be a normal variety over k such that k is algebraically closed
in K(X). Set k0 := k and X0 := X . We define γ(X/k) as the minimum
non-negative integer γ such that if
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕn+1
←−−− · · ·yα0 yα1 yαn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψn+1
←−−− · · ·
is a commutative diagram such that
(1) the lower sequence is induced by a sequence of purely insepara-
ble extensions
k0 ⊂ k1 ⊂ k2 ⊂ · · · ,
(2) Xn is a normal variety over kn such that kn is algebraically
closed in K(Xn) for any n,
(3) the induced morphism Xn → (Xn−1 ×kn−1 kn)
N
red is an isomor-
phism, and ϕn coincides with the induced morphism for any
n,
then it holds that
#{n ∈ Z>0 | θn : Xn → Xn−1 ×kn−1 kn is not an isomorphism} ≤ γ,
where θn denotes the induced morphism. By Theorem 3.17, such
γ(X/k) exists. We call γ(X/k) the capacity of denormalising base
changes of X/k.
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Definition 1.2 (Definition 5.1). Let k be a field of characteristic p > 0.
Let X be a normal variety over k such that k is algebraically closed in
K(X). We define ℓF (X/k) by
ℓF (X/k) := min{ℓ ∈ Z≥0 | (X×kk
1/pℓ)Nred is geometrically normal over k
1/pℓ}.
Note that the minimum in the right hand side exists (Remark 5.2).
We call ℓF (X/k) the Frobenius length of geometric non-normality of
X/k.
Definition 1.3 (Definition 6.1). Let k be a field of characteristic p > 0.
Let X be a variety over k such that k is algebraically closed in K(X).
Set
mF (X/k) :=
min{m ∈ Z≥0 | (X ×k k
1/pm)red is geometrically reduced over k
1/pm},
whose existence is guaranteed by Remark 6.2. We call mF (X/k) the
Frobenius length of geometric non-reducedness of X/k.
Definition 1.4 (Definition 7.4). Let k be a field of characteristic p > 0
and let X be a variety such that k is algebraically closed in K(X). Set
R to be the local ring of X ×k k
1/p∞ at the generic point. We define
ǫ(X/k) as the non-negative integer such that
lengthRR = p
ǫ(X/k),
whose existence is guaranteed by Theorem 7.3(1) or [Kol96, Ch. I,
Proposition 7.1.1]. We call ǫ(X/k) the thickening exponent of X/k.
These invariants characterise geometric normality or geometric re-
ducedness as follows.
Proposition 1.5 (Proposition 8.9). Let k be a field of characteristic
p > 0. Let X be a normal variety over k such that k is algebraically
closed in K(X). Then the following are equivalent.
(1) X is geometrically normal over k.
(2) γ(X/k) = 0.
(3) ℓF (X/k) = 0.
Proposition 1.6 (Proposition 8.6). Let k be a field of characteristic
p > 0. Let X be a variety over k such that k is algebraically closed in
K(X). Then the following are equivalent.
(1) X is geometrically reduced over k.
(2) ǫ(X/k) = 0.
(3) mF (X/k) = 0.
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Remark 1.7. Let k be a field of characteristic p > 0. Let X be
a normal variety over k such that k is algebraically closed in K(X).
Then the following hold (Subsection 8.4).
(1) mF (X/k) ≤ ℓF (X/k) ≤ γ(X/k).
(2) If [k : kp] <∞, then the following holds:
ǫ(X/k) ≤ mF (X/k)(logp[k : k
p]− 1).
In order to establish fundamental properties of our invariants, we
utilise a certain class of purely inserapable base changes, which we call
elemental extensions.
Definition 1.8 (Definition 3.1). Let k be a field of characteristic p > 0
and let X be a variety over k such that k is algebraically closed in
K(X). We say that a pair (k ⊂ l ⊂ k′, ϕ : X ′ → X) (or a pair (k′, X ′))
is an elemental extension of (k,X) if k ⊂ l ⊂ k′ are field extensions
and ϕ : X ′ → X is a morphism of schemes which satisfy the following
properties.
(1) k ⊂ l is a purely inseparable field extension such that lp ⊂ k
and X ×k l is an integral scheme.
(2) X ′ is the normalisation of the integral scheme X ×k l.
(3) ϕ coincides with the induced morphism.
(4) k′ is the algebraic closure of l in K(X ′).
This notion is useful for not only general theory but also explicit
situations (cf. Subsection 9.1). This kind of base changes is originally
used by Schro¨er (cf. [Sch10, Lemma 1.3, Proposition 1.5]).
1.1. Applications. [Tan18] and [PW] have found relations between
canonical divisors of X and Y , where Y denotes the normalisation of
the reduced structure (X×kk)red. More specifically, [Tan18] has proven
that ifX is a proper normal variety over a field k of characteristic p > 0,
then
• the linear equivalence KY +C ∼ f
∗KX holds for some effective
Weil divisor C on Y , and
• C can be chosen to be nonzero if X is not geometrically normal.
Then [PW] has shown that C ∼ (p−1)D for some effective Weil divisor
D on Y . Using these results, they succeeded to establish some results
related to minimal model program. A motivation for introducing the
invariant γ(X/k) is to give a refinement of these results.
Theorem 1.9 (cf. Theorem 4.4). Let k be a field of characteristic
p > 0 and let X be a proper normal variety over k such that k is
algebraically closed in K(X). For Y := (X×k k
1/p∞)Nred, let f : Y → X
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be the induced morphism. If X is not geometrically normal over k, then
there exist nonzero effective Weil divisors C1, ..., Cγ(X/k) on Y such that
the linear equivalence
KY + (p− 1)
γ(X/k)∑
i=1
Ci ∼ f
∗KX
holds. The same statement holds after replacing γ(X/k) by ℓF (X/k)
(see Remark 1.7(1) or Proposition 5.11(2)).
This result can be considered as a higher dimensional generalisation
of Tate’s genus change formula ([Sch09], [Tat52]). Tate’s genus change
formula only treats geometrically integral case. Using the the thick-
ening exponent ǫ(X/k), we formulate a genus change formula for the
general case.
Theorem 1.10 (Theorem 10.1). Let k be a field of characteristic p >
0 and let X be a regular projective curve over k with H0(X,OX) =
k. Let (k′, Y ) be one of (k1/p
∞
, (X ×k k
1/p∞)Nred) and (k, (X ×k k)
N
red).
Set gX := dimkH
1(X,OX) and gY := dimk′H
1(Y,OY ). If X is not
geometrically normal, then there exist nonzero effective Cartier divisors
D1, ..., Dγ(X/k) on Y such that
2gY − 2 + (p− 1)
γ(X/k)∑
i=1
degk′Di =
2gX − 2
pǫ(X/k)
.
As direct consequences, we obtain criteria for geometric integrity of
curves.
Corollary 1.11 (cf. Corollary 10.2). Let k be a field of characteristic
p > 0 and let X be a regular projective curve over k with H0(X,OX) =
k. Set gX := dimkH
1(X,OX). Then the following hold.
(1) If 2gX − 2 is not divisible by p, then X is geometrically integral
over k.
(2) If 2gX − 2 < p(p− 3), then X is geometrically integral over k.
Remark 1.12. For any prime number p, there exists a field of char-
acteristic p > 0 and a regular projective curve X over k such that
H0(X,OX) = k, X is not geometrically reduced over k, and 2gX − 2 =
p(p − 3) (Proposition 9.8). In this sense, the inequality in Corollary
1.11(2) is optimal.
Since it is useful to compare X and Y = (X ×k k
1/p∞)Nred in [Tan18]
and [PW], it is a fundamental problem to derive some good properties
on Y from X . As a result in this direction, the Frobenius length of
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geometric non-normality ℓF (X/k) gives a bound of Q-Gorenstein index
of Y as follows.
Theorem 1.13 (cf. Theorem 5.12). Let k be a field of characteristic
p > 0 and let X be a regular variety over k such that k is algebraically
closed in K(X). Set ℓ := ℓF (X/k), Y := (X ×k k
1/p∞)Nred, and Z :=
(X ×k k)
N
red. Then p
ℓKY and p
ℓKZ are Cartier.
As above, our invariants are used to establish several results related
to canonical divisors. Conversely, canonical divisors will be used to
define γ(X/k) (cf. the proof of Theorem 3.17).
Apart from the results on canonical divisors discussed above, the
invariants introduced in this paper will be used as follows.
(I) We will apply our results to boundedness problems of varieties
over imperfect fields.
(II) In a forthcoming article [BT], Bernasconi and the author give
an explicit upper bound for torsion indices of relatively torsion
line bundles on three-dimensional del Pezzo fibrations V → B.
(I) For instance, if k is a field of characteristic p > 0 such that
[k : kp] < ∞, then we prove the boundedness for non-smooth regular
curves over k of genus one (Theorem 11.9). We also prove that if X
is a regular curve of genus one which is geometrically integral and not
smooth, then X is a cubic curve when p = 3 and X is a complete inter-
section of two quadric surfaces when p = 2 (Theorem 11.13). Moreover,
in a forthcoming article [Tan2], the author shows the boundedness of
geometrically integral regular del Pezzo surfaces. This was the original
motivation for the author to introduce the invariants.
(II) In [BT], we apply our results to the generic fibre X := Z ×B
SpecK(B). The strategy is to use the following Frobenius factorisation
theorem.
Theorem 1.14 (Theorem 5.9). Let k be a field of characteristic p > 0.
Let X be a normal variety over k such that k is algebraically closed in
K(X). Set ℓ := ℓF (X/k). Then the ℓ-th iterated absolute Frobenius
morphism of X ×k k
1/p∞ factors through the induced morphism g :
(X ×k k
1/p∞)Nred → X ×k k
1/p∞ :
F ℓX×kk1/p∞ : X ×k k
1/p∞ → (X ×k k
1/p∞)Nred
g
−→ X ×k k
1/p∞ .
For example, if (X×kk
1/p∞)Nred ≃ P
2
k1/p
∞ , then any numerically trivial
inversible sheaf L on X satisfies Lp
ℓ
≃ OX . Indeed, this follows from
Theorem 1.14 and the flat base change theorem. For the general case,
we apply the same idea together with geometric information.
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2. Preliminaries
In this section, we summarise notation and fundamental results on
base fields and base changes. Although some of them are well known,
we give proofs of them for the reader’s convenience.
2.1. Notation. In this subsection, we summarise notation we will use
in this paper.
(1) We will freely use the notation and terminology in [Har77]. In
particular, D1 ∼ D2 means linear equivalence of Weil divisors.
(2) For an integral scheme X , we define the function field K(X) of
X as OX,ξ for the generic point ξ of X . For an integral domain
A, K(A) denotes the function field of SpecA.
(3) An integrally closed domain A is an integral domain such that
A is integrally closed in K(A).
(4) A scheme X is regular (resp. normal) if the local ring OX,x at
any point x ∈ X is regular (resp. an integrally closed domain).
In particular, normal schemes are reduced.
(5) For a reduced noetherian schemeX , its normalisation is denoted
by XN . Note that if X is an integral scheme, then XN is the
usual normalisation. For the general case, if X =
⋃
i∈I Xi is the
decomposition into the irreducible components and we equip Xi
with the reduced scheme structure, then XN =
∐
i∈I X
N
i .
(6) For a scheme X , its reduced structure Xred is the reduced closed
subscheme ofX such that the induced closed immersion Xred →
X is surjective.
(7) We say that two schemesX and Y over a field k are k-isomorphic
if there exists an isomorphism θ : X → Y of schemes such
that both θ and θ−1 commutes with the structure morphisms:
X → Spec k and Y → Spec k.
(8) For a field k, we say that X is a variety over k or a k-variety
if X is an integral scheme that is separated and of finite type
over k. We say that X is a curve over k or a k-curve if X is a
k-variety of dimension one.
(9) For a field k, let k be an algebraic closure of k. If k is of
characteristic p > 0 and e is a non-negative integer, then we
set kp
e
:= {xp
e
| x ∈ k} and k1/p
e
:= {x ∈ k | kp
e
∈ k}. We set
k1/p
∞
:=
⋃∞
e=0 k
1/pe =
⋃∞
e=0{x ∈ k | x
pe ∈ k}.
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(10) For a normal variety X over a field k, we define the canonical
divisor KX as a Weil divisor on X such that OX(KX) ≃ ωX/k,
where ωX/k denotes the dualising sheaf (cf. [Tan18, Section
2.3]). Canonical divisors are unique up to linear equivalence.
Note that ωX/k ≃ ωX/k′ for any field extension k ⊂ k
′ that
induces a factorisation X → Spec k′ → Spec k ([Tan18, Lemma
2.7]).
(11) For an Fp-scheme X and a positive integer e, we denote by
F eX : X → X the absolute Frobenius morphism of X , i.e.
the homeomorphic affine morphism induced by the pe-th power
map: OX → OX , a 7→ a
pe. Set FX := F
1
X .
(12) For a ring R and R-algebras A1 and A2, the induced ring ho-
momorphism A1 → A1 ⊗R A2, a 7→ a ⊗ 1 is called the first
coprojection. The second coprojection is defined by the same
way.
(13) Let X be a regular projective curve over a field k. We set
gX :=
dimkH
1(X,OX)
dimkH0(X,OX)
,
which is called the genus of X . Note that gX is independent
of the choice of k, i.e. gX does not change even if we replace k
by k′ for the Stein factorisation X → Spec k′ → Spec k of the
structure morphism.
(14) For a field k and a k-scheme X , we have the induced mor-
phism θ : k → H0(X,OX). By abuse of notation, the equation
H0(X,OX) = k means that θ is an isomorphism.
2.2. Base fields and base changes. In this subsection, we sum-
marise fundamental results on base fields and base changes, which are
probably well known for experts.
Proposition 2.1. Let k be a field and let X be a proper variety over
k. Then the following hold.
(1) If k is algebraically closed in K(X), then H0(X,OX) = k.
(2) Assume that X is normal. Then k is algebraically closed in
K(X) if and only if H0(X,OX) = k.
Proof. The assertion (2) is verified by taking the Stein factorisation of
the structure morphism X → Spec k. The assertion (1) holds, because
the following composite injection
k →֒ H0(X,OX) →֒ H
0(XN ,OXN )
is bijective by (2). 
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Proposition 2.2. Let k be a field and let X be a variety such that k is
algebraically closed in K(X). Then X is geometrically irreducible over
k.
Proof. We may assume that X is a proper normal variety over k. By
Proposition 2.1, X is geometrically connected over k. Therefore, the
assertion follows from [Tan18, Lemma 2.2(1)]. 
Proposition 2.3. Let k be a field. Let X be a variety over k such that
k is algebraically closed in K(X). Let k ⊂ l be a field extension. Then
the following hold.
(1) K((X×k l)red) is isomorphic to the composite field of K(X) and
l.
(2) If k ⊂ l is an algebraic extension, then (X×k l)
N
red is isomorphic
to the normalisation of X in K((X ×k l)red).
Proof. We may assume that X = SpecA. It follows from Proposition
2.2 that X is geometrically irreducible over k.
Let us show (1). Let L be the composite field of K(X) and l. By
the commutative diagram of ring homomorphisms
K(X) −−−→ Lx x
k −−−→ l,
we obtain a ring homomorphism:
θ : (K(X)⊗k l)red → L.
Since (K(X) ⊗k l)red and L are fields, θ is injective. We consider
K(X), l, and (K(X) ⊗k l)red as subfields of L. Since L is the com-
posite field of K(X) and l, it follows from K(X) ∪ l ⊂ (K(X)⊗k l)red
that (K(X)⊗k l)red = L i.e. θ is surjective. Thus, (1) holds.
Let us show (2). Let Y be the normalisation of X in K((X×k l)red).
Then we obtain a finite surjective morphism Y → (X×k l)
N
red of normal
varieties over l. It is enough to show thatK((X×k l)
N
red) = K(Y ), which
follows from the definition of Y . 
Corollary 2.4. Let k be a field. Let X be a variety over k such that k is
algebraically closed in K(X). Let k ⊂ l be an algebraic field extension.
Set X ′ := (X ×k l)
N
red and let k
′ be the algebraic closure of l in K(X ′).
Then the induced morphism
(X ×k k
′)Nred → (X ×k l)
N
red = X
′
is an isomorphism.
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Proof. By Proposition 2.3(1), we have K((X×k k
′)red) = K(X×k l)red).
Then the assertion follows from Proposition 2.3(2). 
Proposition 2.5. Let k be a field and let f : X → Y be a dominant
k-morphism of varieties over k such that k is algebraically closed in
K(Y ) and K(Y ) ⊂ K(X) is a (not necessarily algebraic) separable
extension. Let kX be the algebraic closure of k in K(X). Then k ⊂ kX
is a finite separable extension.
Proof. Since K(Y ) ⊂ K(X) is a finitely generated separable extension,
this is a separably generated extension [Mat80, (27.F)]. Therefore, it
suffices to treat the following two cases: K(Y ) ⊂ K(X) is purely tran-
scendental extension and K(Y ) ⊂ K(X) is a finite separable extension.
Assume that K(Y ) ⊂ K(X) is a purely transcendental extension. In
this case, K(Y ) is algebraically closed in K(X). Since k is algebraically
closed in K(Y ), the algebraic closure kX of k in K(X) is equal to k.
It is enough to treat the case whenK(Y ) ⊂ K(X) is a finite separable
extension. Take α ∈ kX and let
f(t) = tn + a1t
n−1 + · · ·+ an ∈ K(Y )[t]
be the minimal polynomial of α over K(Y ). For the minimal polyno-
mial g(t) ∈ k[t] of α over k, we have that g(t) = f(t)h(t) for some
h(t) ∈ K(Y )[t]. In particular, each ai is algebraic over k. Since k is
algebraically closed in K(Y ), we have that ai ∈ k for any i. In other
words, we obtain f(t) = g(t). Since K(X)/K(Y ) is separable, f(t) is
a separable polynomial. This shows that kX is separable over k. 
Lemma 2.6. Let k ⊂ l be a (not necessarily algebraic) separable field
extension and let X be a k-scheme of finite type over k. Then the
following hold.
(1) If X is regular, then so is X ×k l.
(2) If X is reduced, then so is X ×k l.
(3) If X is normal, then so is X ×k l.
Proof. In this proof, we use formally smooth morphisms (for its defi-
nition, we refer to [Gro67, Ch. IV, De´finition 17.1.1]). It is sufficient
to show (1). We may assume that k is of characteristic p > 0. Assume
that X is regular. Then X is geometrically regular over Fp. It follows
from [Gro64, Ch. 0, Proposition 22.6.7(ii)] that X is formally smooth
over Fp. Since l is formally smooth over k [Mat89, Theorem 26.9], it
holds that X ×k l → X is formally smooth [Gro67, Ch. IV, De´finition
17.1.3(iii)]. Then X ×k l is formally smooth over Fp [Gro67, Ch. IV,
De´finition 17.1.3(ii)]. Hence, X ×k l is regular [Gro64, Ch. 0, Proposi-
tion 22.6.7(ii)]. 
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Proposition 2.7. Let k ⊂ l be a (not necessarily algebraic) separable
field extension and let X be a scheme of finite type over k. Then the
following hold.
(1) The induced morphism (X ×k l)red → Xred ×k l is an isomor-
phism.
(2) The induced morphism (X ×k l)
N
red → X
N
red ×k l is an isomor-
phism.
Proof. Since k ⊂ l is separable, Xred ×k l is reduced (Lemma 2.6(2)).
Note that (X×k l)red → X ×k l and Xred×k l→ X×k l are homeomor-
phisms. Therefore, also (X ×k l)red → Xred ×k l is a homeomorphism.
Then (X×k l)red → Xred×k l is a surjective closed immersion of reduced
schemes, which is automatically an isomorphism. Thus (1) holds.
Let us show (2). Since k ⊂ l is separable, it holds that XNred ×k l is
normal (Lemma 2.6(3)). Then (X ×k l)
N
red → X
N
red ×k l is a finite sur-
jective morphism between normal schemes. Since it is also birational,
(2) holds. 
Corollary 2.8. Let k be a field and let X be a variety over k such that k
is algebraically closed in K(X). Assume that k ⊂ l is a (not necessarily
algebraic) separable field extension. Then the following hold.
(1) X ×k l is a variety over l.
(2) If X is normal, then also X ×k l is normal.
(3) l is algebraically closed in K(X ×k l).
Proof. By Proposition 2.2 and Proposition 2.7, (1) and (2) hold. To
prove (3), we may assume that X is a proper normal variety over k.
SinceH0(X,OX) = k (Proposition 2.1), we obtainH
0(X×k l,OX×kl) =
l. Again by Proposition 2.1, (3) holds. 
Lemma 2.9. Let k be a field of characteristic p > 0. Let X be a variety
over k such that k is algebraically closed in K(X). Fix a non-negative
integer n. Then k1/p
n
is algebraically closed in K((X ×k k
1/pn)red).
Proof. For F := K(X), we have K((X ×k k
1/pn)red) = (F ⊗k k
1/pn)red.
Let l be the algebraic closure of k1/p
n
in (F ⊗k k
1/pn)red. It is enough
to show that l ⊂ k1/p
n
. Fix x ∈ l. We have
xp
n
∈ lp
n
⊂ ((F ⊗k k
1/pn)red)
pn ⊂ F,
where the last inclusion follows from the fact that (F ⊗k k
1/pn)red coin-
cides with the composite field of F and k1/p
n
(Proposition 2.3(1)). Since
xp
n
is algebraic over k and k is algebraically closed in F = K(X), we
obtain xp
n
∈ k. This implies x ∈ k1/p
n
. 
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2.3. Geometric reducedness. In this subsection, we summarise fun-
damental results on geometric reducedness and geometric normality.
Most of them are probably well known for experts.
Proposition 2.10. Let k be a field of characteristic p > 0 and let X
be a scheme of finite type over k. Then the following hold.
(1) The following are equivalent.
(a) X is geometrically regular over k, i.e. smooth over k.
(b) X ×k k
1/p is regular.
(2) The following are equivalent.
(a) X is geometrically reduced over k.
(b) X ×k k
1/p is reduced.
(3) The following are equivalent.
(a) X is geometrically normal over k.
(b) X ×k k
1/p is normal.
Proof. The assertion (1) holds by [Gro64, Chap. 0, The´ore`me 22.5.8].
Note that, for any field extension k ⊂ k′, X is Sr if and only if so is
X×k k
′ [Mat89, Corollary immediately after Theorem 23.3]. Thus, the
assertion (2) follows from (1) and the fact that being reduced is equiv-
alent to being S0 and R1. Thanks to Serre’s criterion for normality, we
may apply the same argument to (3). 
Lemma 2.11. Let k be a field of characteristic p > 0. Let A be a
k-algebra which is an integral domain and let F be the function field of
A. Let k ⊂ l be a field extension. Then A⊗k l is reduced if and only if
F ⊗k l is reduced.
Proof. Since l is flat over k, the injective ring homomorphism A →֒ F
induces an injective ring homomorphism A⊗k l →֒ F ⊗k l. Therefore,
if F ⊗k l is reduced, then so is A⊗k l.
Let us show the inverse implication. Assuming that A⊗k l is reduced,
let us prove that F ⊗k l is reduced. We have the following commutative
diagram of injective ring homomorphisms:
A
injective
−−−−→ Fyinjective yinjective
A⊗k l
injective
−−−−→ F ⊗k l.
Take an element ζ ∈ F ⊗k l such that ζ
m = 0 for some m ≥ 1. There
exists a ∈ A \ {0} such that ζ · (a⊗ 1) ∈ A⊗k l. It holds that
(ζ · (a⊗ 1))m = ζm · (a⊗ 1)m = 0.
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Since A ⊗k l is reduced, we have that ζ · (a ⊗ 1) = 0. The equation
(a⊗ 1)(a−1 ⊗ 1) = 1 holds in F ⊗k l, hence we obtain ζ = 0. 
Proposition 2.12. Let k be a field of characteristic p > 0. Let X be
a variety over k. Let Y be another variety over k which is birational
to X. Then X is geometrically reduced over k if and only if Y is
geometrically reduced over k
Proof. The assertion follows from Lemma 2.11. 
Let us show that if X has a rational point around which X is reg-
ular, then X is reduced (Corollary 2.14). We start with the following
auxiliary result.
Proposition 2.13. Let k be a field and let X be a scheme of finite
type over k. Let P be a k-rational point of X. If OX,P is a regular local
ring, then there exists an open neighbourhood U of P ∈ X such that U
is smooth over k.
Proof. Set d := dimOX,x. We may assume that X = SpecA and
that there exist elements x1, ..., xd ∈ A such that mP = (x1, ..., xd),
where mP denotes the maximal ideal corresponding to P . In particular,
A/mP ≃ k. For any field extension k ⊂ k
′ and A′ := A⊗k k
′, we have
that A′/mPA
′ ≃ k′. This implies that A′ is regular at the maximal
ideals lying over mP . 
Corollary 2.14. Let k be a field and let X be a variety over k. If there
exists a k-rational point P of X such that OX,P is regular, then X is
geometrically reduced over k.
Proof. By Proposition 2.13, there exists an open neighbourhood U of
P ∈ X such that U is smooth over k. Hence, U is geometrically reduced
over k. It follows from Proposition 2.12 that also X is geometrically
reduced over k. 
2.4. Pullbacks of Weil divisors. In this subsection, we recall how
to define pullbacks of Weil divisor for finite morphisms and morphisms
induced by base changes.
Definition 2.15. Let X and Y be integral separated normal excellent
schemes and let f : Y → X be a dominant morphism. Let X ′ be the
non-regular locus of X , which is a closed subset of codimension ≥ 2.
Assume that also the codimension of f−1(X ′) is at least two. For a
Weil divisor D, we define its pullback f ∗D as follows. First we have
a morphism f1 : Y1 → X1 for X1 := X \ X
′ and Y1 := Y \ f
−1(X ′).
Then the pullback f ∗1 (D|X1) is defined, since f is dominant and D is a
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Cartier divisor. Set f ∗(D) to be the closure of f ∗1 (D|X1). Note that if
D1 ∼ D2, then f
∗D1 ∼ f
∗D2.
Let k be a field and let X be a normal variety over k such that
k is algebraically closed in K(X). It holds that X is geometrically
irreducible over k (Proposition 2.2). For a field extension k ⊂ k′, the
base change X×kk
′ is a separated irreducible scheme of finite type over
k′. Therefore, (X×k k
′)red is a variety over k
′ and its normalisation Y is
a normal variety over k′. We have a sequence of the induced morphisms
f : Y
ν
−→ (X ×k k
′)red
ρ
−→ X ×k k
′ β−→ X.
For any Weil divisor D on X , we define f ∗D as in Definition 2.15. In
this way, we define a Weil divisor f ∗KX up to linear equivalence.
3. Elemental extensions
The purpose of this section is to establish general theory on elemen-
tal extensions. In Subsection 3.1, we give the definition of elemental
extensions (k ⊂ l ⊂ k′, X ′ → X). In Subsection 3.2, we study some
properties on internal degrees [l : k] and external degrees [k′ : l]. In
Subsection 3.3, we study two typical cases: [l : k] = p and k′ = k1/p. In
Subsection 3.4, the reduced normalisation of any base change is decom-
posed into elemental extensions and cartesian base changes (Theorem
3.13). Using this result, we prove, in Subsection 3.5, that the mono-
tonicity of canonical divisors for reduced normalisation of base changes
(Theorem 3.16). In Subsection 3.6, we prove the termination of de-
normalising base changes (Theorem 3.17). In Subsection 3.7, we study
behaviour of elemental extensions under base changes and morphisms.
3.1. Definition. In this subsection, we introduce elemental extensions
(Definition 3.1). We then establish some fundamental properties (Lemma
3.5, Lemma 3.6).
Definition 3.1. Let k be a field of characteristic p > 0 and let X be
a variety over k such that k is algebraically closed in K(X). We say
that a pair (k′, X ′) is an elemental extension of (k,X) if there are field
extensions k ⊂ l ⊂ k′, ϕ : X ′ → X is a morphism of schemes, and the
following properties hold.
(1) k ⊂ l is a purely inseparable field extension such that lp ⊂ k
and X ×k l is an integral scheme.
(2) X ′ → X×k l is the normalisation of the integral scheme X×k l.
(3) ϕ : X ′ → X coincides with the induced morphism.
(4) k′ is the algebraic closure of l in K(X ′).
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In this case, the pair (k ⊂ l ⊂ k′, ϕ : X ′ → X) and the following
induced commutative diagram
X
ϕ
←−−− X ′yα yα′
Spec k
ψ
←−−− Spec k′.
are called an elemental extension of (k,X).
Remark 3.2. Let k be a field of characteristic p > 0 and let X be a
variety over k such that k is algebraically closed in K(X). For an ele-
mental extension (k ⊂ l ⊂ k′, X ′ → X) of (k,X), it holds by definition
that X ′ = (X ×k l)
N . By Corollary 2.4, we also have that the induced
morphism (X ×k k
′)Nred → (X ×k l)
N = X ′ is an isomorphism.
Remark 3.3. Let k be a field of characteristic p > 0 and let X be
a variety over k such that k is algebraically closed in K(X). For an
elemental extension (k ⊂ l ⊂ k′, X ′ → X) of (k,X), also (k ⊂ l ⊂
k′, X ′ → XN) is an elemental extension of (k,XN). Indeed, we have
the induced morphism X ′ → XN and XN ×k l is an integral scheme
(Lemma 2.11). Then we obtain X ′ ≃ (XN ×k l)
N by Corollary 2.4.
Remark 3.4. Let k be a field of characteristic p > 0 and let X be a
variety over k such that k is algebraically closed in K(X). Let (k ⊂
l ⊂ k′, ϕ : X ′ → X) be an elemental extension of (k,X).
(1) Assume that X is proper over k. Then we have the equation
H0(X,OX) = k (Proposition 2.1(1)). The flat base change
theorem implies that H0(X ×k l,OX×kl) = l.
(2) If X is proper over k and X ×k l is normal, then (1) and
Proposition 2.1(2) imply that X ′ = X ×k k
′, l = k′, and
H0(X ′,OX′) = k
′.
Lemma 3.5. Let k be a field of characteristic p > 0 and let X be a
variety over k such that k is algebraically closed in K(X). Let (k ⊂
l ⊂ k′, ϕ : X ′ → X) be an elemental extension of (k,X). Then the
following hold.
(1) k′p ⊂ k.
(2) l ⊂ k′ is a finite purely inseparable extension.
Proof. Let us show (1). Fix x ∈ k′. We have
xp ∈ k′p ⊂ K(X ′)p = K(X ×k l)
p = (K(X)⊗k l)
p ⊂ K(X),
hence xp ∈ K(X) and xp is algebraic over k. Since k is algebraically
closed in K(X), we obtain xp ∈ k. Thus, (1) holds.
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Let us show (2). Since the field extension l ⊂ k′ is algebraic and
finitely generated, we obtain [k′ : l] <∞. Then (1) implies (2). 
Lemma 3.6. Let k be a field of characteristic p > 0 and let X be a
variety over k such that k is algebraically closed in K(X). Let (k ⊂
l ⊂ k′, ϕ : X ′ → X) be an elemental extension of (k,X). Then the
following are equivalent.
(1) X ×k k
′ is normal.
(2) X ×k l is normal and k
′ = l.
Furthermore, if X is proper over k, then each of (1) and (2) is equiv-
alent to (3).
(3) X ×k l is normal.
Proof. Let us show that (2) implies (1). Assume (2). Then it holds
that X ′ = X ×k l = X ×k k
′. Therefore, X ×k k
′ is normal. Hence (1)
holds.
Let us show that (1) implies (2). Assume (1). Then X×k l is normal.
Therefore, the induced morphism
X ×k k
′ = (X ×k k
′)Nred → (X ×k l)
N = X ×k l
is an isomorphism (Remark 3.2). Since X → Spec k is faithfully flat,
we obtain k′ = l. Hence (1) holds. To summarise, we have completed
the proof of the equivalence between (1) and (2).
Suppose that X is proper over k. It is enough to show that (3)
implies (2), which follows from Remark 3.4(2). 
3.2. Internal degrees and external degrees. In this subsection, we
further introduce terminologies: internal degrees and external degrees.
Definition 3.7. Let k be a field of characteristic p > 0 and let X
be a variety over k such that k is algebraically closed in K(X). Let
(k ⊂ l ⊂ k′, ϕ : X ′ → X) be an elemental extension of (k,X).
(i) We call [l : k] the internal degree.
(ii) We call [k′ : l] the external degree.
(iii) We call [k′ : k] the (total) degree.
The external degree [k′ : l] is always finite (Lemma 3.5), whilst the
internal degree is not necessarily finite (Example 3.8).
Example 3.8. If k is a field of characteristic p > 0 and X := P1k,
then (k1/p,P1
k1/p
) is an elemental extension of (k,P1k). Indeed, l := k
1/p
satisfies the conditions listed in Definition 3.1. In particular, if [k :
kp] = ∞, then [l : k] = [k1/p : k] = ∞. Hence, the internal degree is
not necessarily finite.
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Remark 3.9. Let k be a field of characteristic p > 0 and let X be a
variety over k such that k is algebraically closed in K(X). Let (k′, X ′)
be an elemental extension of (k,X). Although the choice of l is not
necessarily unique (cf. Proposition 9.8), we shall later prove that the
internal degree [l : k] and the external degree [k′ : l] do not depend on
the choice of l (Proposition 7.8). We do not use this fact in this paper.
3.3. Examples. We shall frequently use two typical elemental exten-
sions: [k′ : k] = p (Example 3.10) and k′ = k1/p (Theorem 3.11). Both
of them are essentially obtained by Schro¨er.
Example 3.10. Let k be a field of characteristic p > 0 and let X
be a variety over k such that k is algebraically closed in K(X). Let
k ⊂ k′ be a purely inseparable extension of degree p. Then X ×k l is
automatically an integral scheme by [Tan18, Lemma 3.3]. Let X ′ be
the normalisation of X ×k l and let k
′ be the algebraic closure of l in
K(X ′). Then (k ⊂ l ⊂ k′, X ′ → X) is an elemental extension of (k,X)
of internal degree p.
Theorem 3.11. Let k be a field of characteristic p > 0 and let X be
a variety over k such that k is algebraically closed in K(X). Then the
following hold.
(1) There exists an intermediate field k ⊂ l ⊂ k1/p such that X×k l
is an integral scheme and the algebraic closure of l in K(X×k l)
is equal to k1/p. In particular, if X ′ := (X ×k k
1/p)Nred, then
(k ⊂ l ⊂ k1/p, ϕ : X ′ → X) is an elemental extension of (k,X)
for the induced morphism ϕ (cf. Remark 3.2).
(2) Fix an intermediate field k ⊂ l ⊂ k1/p such that X ×k l is an
integral scheme and the algebraic closure of l in K(X ×k l) is
equal to k1/p. Then the following are equivalent.
(a) X is geometrically reduced over k.
(b) l = k1/p.
Proof. Let us show (1). We may assume that X is normal. If X is
proper and H0(X,OX) = k, then the assertion follows from [Sch10,
Proposition 1.5]. The general case is reduced to this case by taking an
open immersion j : X →֒ X to a proper normal variety X . Thus (1)
holds.
Let us show (2). If (b) holds, then X ×k k
1/p is reduced, hence
Proposition 2.10(2) implies that X is geometrically reduced over k.
Thus (b) implies (a). Conversely, assume (a). Take a non-empty affine
open subset Y of X such that Y ×k l is normal. In particular, the
structure morphism Y ×k l → Spec l factors through Spec k
1/p. Hence,
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there is an injective ring homomorphism
k1/p →֒ H0(Y ×k l,OY×kl),
which induces another injective ring homomorphism:
k1/p ⊗l k
1/p →֒ H0(Y ×k k
1/p,OY×kk1/p).
Since H0(Y ×k k
1/p,OY×kk1/p) is reduced, so is k
1/p ⊗l k
1/p. Then (b)
holds. 
3.4. Decomposition into elemental extensions. The purpose of
this subsection is to prove the decomposition theorem (Theorem 3.13).
As a consequence, an arbitrary variety reaches to a geometrically nor-
mal variety after taking finitely many elemental extensions (Corollary
3.14). Finally, we give a criterion of geometric normality and geomet-
ric reducedness by using decomposition as in Theorem 3.13 (Theorem
3.15). We start with the following auxiliary result.
Lemma 3.12. Let k be a field of characteristic p > 0 and let X be a
variety over k such that k is algebraically closed in K(X). Let k ⊂ l
be a field extension. Then there exists an intermediate field k ⊂ k′ ⊂ l
such that
(1) k′ is a finitely generated field over k (in particular, if k ⊂ l is
algebraic, then we have [k′ : k] <∞), and
(2) for an arbitrary intermediate field k′ ⊂ k′′ ⊂ l and the induced
diagram
(X ×k k
′′)Nred ←−−− (X ×k l)
N
redy y
(X ×k k
′′)red ←−−− (X ×k l)redy y
X ×k k
′′ ←−−− X ×k ly y
Spec k′′ ←−−− Spec l,
each square is cartesian.
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Proof. We can find an intermediate field k ⊂ k′ ⊂ l, schemes Y and Z
of finite type over k′, and a commutative diagram
Z ←−−− (X ×k l)
N
redy y
Y ←−−− (X ×k l)redy y
X ×k k
′ ←−−− X ×k ly y
Spec k′ ←−−− Spec l
such that k′ is a finitely generated field over k and each square is
cartesian. By faithfully flat descent, we can show that the induced
morphisms Y → (X ×k l)red and Z → (X ×k l)
N
red are isomorphisms.
Hence (1) holds. It is clear that (2) holds. 
Theorem 3.13. Let
X
ϕ
←−−− Yyα yβ
Spec k
ψ
←−−− Spec l
be a commutative diagram of schemes such that
(1) ψ is induced by a purely inseparable field extension k ⊂ l,
(2) X is a normal variety over k such that k is algebraically closed
in K(X),
(3) Y is a normal variety over l such that l is algebraically closed
in K(Y ),
(4) Y = (X ×k l)
N
red, and ϕ is the induced morphism.
Set X0 := X and k0 := k. Then there exists a commutative diagram of
schemes
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕ˜
←−−− Yyα0 yα1 yαn yβ
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψ˜
←−−− Spec l
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such that the square
Xi−1
ϕi←−−− Xiyαi−1 yαi
Spec ki−1
ψi
←−−− Spec ki
is an elemental extension of internal degree p (cf. Definition 3.1 and
Definition 3.7) for any i ∈ {1, ..., n} and the rightmost square
Xn
ϕ˜
←−−− Yyαn yβ
Spec kn
ψ˜
←−−− Spec l
is cartesian.
Proof. For an open immersion j : X →֒ X to a proper normal vari-
ety over k, we may replace X by X in order to prove the assertion.
Therefore, the problem is reduced to the case when X is proper over
k.
By Lemma 3.12, there exists an intermediate field k ⊂ k˜ ⊂ l such
that
(a) [k˜ : k] <∞, and
(b) for the induced diagram
Z := (X ×k k˜)
N
red ←−−− (X ×k l)
N
red = Yy y
(X ×k k˜)red ←−−− (X ×k l)redy y
X ×k k˜ ←−−− X ×k ly y
Spec k˜ ←−−− Spec l,
each square is cartesian.
By (3) and Proposition 2.1, we have H0(Y,OY ) = l. Then it holds that
H0(Z,OZ)⊗k˜ l = H
0(Y,OY ) = l.
Therefore, we deduce that H0(Z,OZ) = k˜.
If k0 = k˜, then the assertion is clear. Assume that k0 ( k˜. We now
construct a new triple (l1, k1, X1) as follows. Take an intermediate field
22 HIROMU TANAKA
k0 ⊂ l1 ⊂ k˜ such that [l1 : k0] = p. Then the scheme X×k l1 = X0×k0 l1
is a variety over l1 [Tan18, Lemma 3.3]. Set X1 to be the normalisation
ofX1×k0 l1. Finally, we define k1 as the algebraic closure of l1 inK(X1).
Then Z → X0 factors through the induced morphism X1 → X0:
X0 ← X1 ← Z.
In particular, we have field extensions K(X0) ⊂ K(X1) ⊂ K(Z). Then
we obtain k1 ⊂ k˜, as k˜ is algebraically closed in K(Z). Repeating this
procedure, we obtain a commutative diagram of schemes
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn ←−−− Zyα0 yα1 yαn y
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn Spec k˜
such that the diagram
Xi−1
ϕi
←−−− Xiyαi−1 yαi
Spec ki−1
ψi
←−−− Spec ki
is an elemental extension of internal degree p for any i ∈ {1, ..., n}.
In order to prove the remaining assertion, it is enough to show that
Z ≃ Xn. Since both Xn → X0 and Z → X0 are finite surjective
morphisms, it is enough to show that K(Xn) ⊃ K(Z). Since K(Z)
is the composite field of K(X) and k˜ (Proposition 2.3), it suffices to
prove that k˜ ⊂ K(Xn). This follows from k˜ = kn ⊂ K(Xn). 
Corollary 3.14. Let k0 be a field of characteristic p > 0 and let X0 be
a normal variety over k0 such that k0 is algebraically closed in K(X0).
Then there exists a commutative diagram of schemes
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xnyα0 yα1 yαn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
such that the diagram
Xi−1
ϕi
←−−− Xiyαi−1 yαi
Spec ki−1
ψi
←−−− Spec ki
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is an elemental extension of internal degree p (cf. Definition 3.1 and
Definition 3.7) for any i ∈ {1, ..., n} and Xn is geometrically normal
over kn.
Proof. The assertion (1) holds by applying Theorem 3.13 for l := k1/p
∞
and Y := (X ×k k
1/p∞)Nred. 
Theorem 3.15. Let k0 be a field of characteristic p > 0 and let X0 be
a normal variety over k0 such that k0 is algebraically closed in K(X0).
Let (ki−1 ⊂ li ⊂ ki, ϕi : Xi → Xi−1) be an elemental extension (cf.
Definition 3.1) for any i ∈ {1, ..., n}. Let
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xnyα0 yα1 yαn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
be the induced commutative diagram. Then the following hold.
(1) Assume that Xn is geometrically normal over kn. Then the
following are equivalent.
(a) X0 is geometrically normal over k0.
(b) Xi−1 ×ki−1 li is normal and li = ki for any i ∈ {1, ..., n}.
Furthermore, if X0 is proper over k0, then each of (a) and (b)
is equivalent to (c).
(c) Xi−1 ×ki−1 li is normal for any i ∈ {1, ..., n}.
(2) Assume that Xn is geometrically reduced over kn. Then the
following are equivalent.
(a)’ X0 is geometrically reduced over k0.
(b)’ li = ki for any i ∈ {1, ..., n}.
Proof. Let us show (1). We first prove that (a) implies (b). Assume (a).
Then it is clear thatX0×k0k1 is normal. It follows from Lemma 3.6 that
X0 ×k0 l1 is normal and l1 = k1. Hence, it holds that X1 = X0 ×k0 k1,
which is again geometrically normal over k1. Repeating this argument,
we see that (b) holds.
Let us prove that (b) implies (a). Assume (b). Then we have that
X1 = X0 ×k0 l1 = X0 ×k0 k1. Repeating the same argument, we have
that Xn = X0 ×k0 kn. Since Xn is geometrically normal over kn, X0
is geometrically normal over k0. Therefore, (a) holds. Finally, if X0 is
proper over k0, it follows from Lemma 3.6 that (b) and (c) are equiva-
lent. This completes the proof of (1).
The assertion (2) follows from (1). Indeed, after replacing X0 by a
suitable non-empty open subset of X0, (a) and (a)’ are equivalent, and
so are (b) and (b)’ (cf. Proposition 2.12). 
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3.5. Canonical divisors and base changes. The purpose of this
subsection is to prove the monotonicity of canonical divisors under
base changes (Theorem 3.16). The result is known when X is proper
and l = k1/p
∞
(([PW, Theorem 1.1], [Tan18, Theorem 4.2]). Indeed,
our strategy is very similar to the one in [Tan18, Theorem 4.2] and
depends on [PW]. We include its proof for the sake of completeness.
Theorem 3.16. Let k be a field of characteristic p > 0 and let X be a
normal variety over k such that k is algebraically closed in K(X). Let
k ⊂ l be a field extension. Set Y := (X ×k l)
N
red. Then there exists an
effective Weil divisor C on Y such that the linear equivalence
(3.16.1) KY + (p− 1)C ∼ f
∗KX
holds, where f : Y → X denotes the induced morphism. Furthermore,
C can be chosen to be nonzero if one of the following hold.
(1) X ×k l is reduced and non-normal.
(2) X is proper over k and X ×k l is not normal.
Proof. The proof consists of three steps.
Step 1. In order to prove the assertion of Theorem 3.16, we may
assume that k ⊂ l is a purely inseparable extension.
Proof. (of Step 1) There is the decomposition k ⊂ k′ ⊂ k′′ ⊂ l such
that k ⊂ k′ is a purely transcendental extension, k′ ⊂ k′′ is a separable
algebraic extension, and k′′ ⊂ l is a purely inseparable extension. Then
X ′′ := X ×k k
′′ is a normal variety over k′′ such that k′′ is algebraically
closed in K(X ′′) (cf. Proposition 2.1). Replacing (k′′, X ′′) by (k,X),
the problem is reduced to the case when k ⊂ l is a purely inseparable
extension. This completes the proof of Step 1. 
Step 2. If (1) holds, then there exists a nonzero effective Weil divisor
C on Y such that the linear equivalence (3.16.1) holds.
Proof. (of Step 2) Fix an open immersion X →֒ X to a proper normal
variety X . It follows from [PW, Theorem 1.1 and Theorem 1.2] that
there is an effective Weil divisor C on Y such that KY + (p − 1)C ∼
f
∗
KX and SuppC set-theoretically equal to the closed subscheme de-
fined by the conductor ideal. In particular, C ∩Y 6= ∅. This completes
the proof of Step 2. 
Step 3. Assume that k ⊂ l is a purely inseparable extension. Then
there exists an effective Weil divisor C on Y such that
(I) the linear equivalence
KY + (p− 1)C ∼ f
∗KX
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holds, and
(II) if X is proper and X ×k l is not normal, then we have C 6= 0 .
Proof. (of Step 3) Set k0 := k and X0 := X . Let
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕ˜
←−−− Yyα0 yα1 yαn yβ
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψ˜
←−−− Spec l
be a commutative diagram satisfying the properties in Theorem 3.13.
For any i, there exists an intermediate field ki−1 ⊂ li ⊂ ki such that
(ki−1 ⊂ li ⊂ ki, ϕi : Xi → Xi−1) is an elemental extension. In particu-
lar, Xi−1 ×ki−1 li is an integral scheme and ϕi is decomposed into two
morphisms:
ϕi : Xi
νi−→ Xi−1 ×ki−1 li
βi−→ Xi−1,
where βi is the projection and νi is the normalisation of Xi−1 ×ki−1 li.
In particular, it follows from [PW, Theorem 1.1 and Theorem 1.2] that
the linear equivalence
(3.16.2) KXi + (p− 1)Ci ∼ ϕ
∗
iKXi−1
holds for some effective Weil divisor Ci on Xi such that SuppCi is set-
theoretically equal to the conductor of νi. In particular, Ci = 0 if and
only if Xi−1×ki−1 li is normal. For the induced morphism hi : Y → Xi,
(3.16.2) implies that
KY + (p− 1)
n∑
i=1
h∗iCi ∼ f
∗KX .
Set C :=
∑n
i=1 h
∗
iCi. Then (I) holds.
Let us show (II). Assuming that C = 0 and X is proper, it suffices
to prove that X ×k l is normal. Since C =
∑n
i=1 h
∗
iCi = 0, we have
Ci = 0 for any i. Then Xi−1×ki−1 li is normal for any i. It follows from
Lemma 3.6 that li = ki. To summarise, we have that
Xi = Xi−1 ×ki−1 li = Xi−1 ×ki−1 ki
for any i. By induction on i, it holds that
X ×k l = X0 ×k0 l = (X0 ×k0 kn)×kn l = Xn ×kn l = Y.
Therefore, X ×k l is normal. Hence, (II) holds. This completes the
proof of Step 3. 
Step 1, Step 2, and Step 3 complete the proof of Theorem 3.16. 
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3.6. Termination of denormalising base changes. The purpose
of this subsection is to show termination of sequences of denormalising
base changes (Theorem 3.17).
Theorem 3.17. Let k0 be a field of characteristic p > 0 and let X0 be
a normal variety over k0 such that k0 is algebraically closed in K(X0).
Then there exists a positive integer γ0 that satisfies the following prop-
erty: if
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕn+1
←−−− · · ·yα0 yα1 yαn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψn+1
←−−− · · ·
is a commutative diagram such that
(1) the lower sequence is induced by a sequence of field extensions
k0 ⊂ k1 ⊂ k2 ⊂ · · · ,
(2) Xn is a normal variety over kn such that kn is algebraically
closed in K(Xn) for any n,
(3) the induced morphism Xn → (Xn−1 ×kn−1 kn)
N
red is an isomor-
phism, and ϕn coincides with the induced morphism for any n,
then it holds that
#{n ∈ Z>0 | θn : Xn → Xn−1 ×kn−1 kn is not an isomorphism} ≤ γ0,
where θn denotes the induced morphism.
Proof. We first reduce the problem to the case when X0 is proper over
k0. Fix an open immersion j : X0 →֒ Y0 to a proper normal variety
Y0 over k0. Set Yn := (Yn−1 ×kn−1 kn)
N
red for any n. Then we obtain a
commutative diagram with the induced morphisms:
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕn+1
←−−− · · ·yj0 yj1 yjn
Y0
ϕ′1←−−− Y1
ϕ′2←−−− · · ·
ϕ′n←−−− Yn
ϕ′n+1
←−−− · · ·yβ0 yβ1 yβn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψn+1
←−−− · · · .
Note that each jn : Xn → Yn is an open immersion and all the upper
squares are cartesian. Replacing X0 by Y0, the problem is reduced to
the case when X0 is proper over k0.
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We now reduce the problem to the case when X0 is projective over
k0. Note that X0 is assumed to be proper over k0. Applying Chow’s
lemma, there exists a projective birational morphism µ0 : Z0 → X0
from a projective normal variety over k0. Set Zn := (Zn−1 ×kn−1 kn)
N
red
for any n. Then we obtain a commutative diagram with the induced
morphisms:
Z0
ϕ′′1←−−− Z1
ϕ′′2←−−− · · ·
ϕ′′n←−−− Zn
ϕ′′n+1
←−−− · · ·yµ0 yµ1 yµn
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕn+1
←−−− · · ·yβ0 yβ1 yβn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψn+1
←−−− · · · .
Fix a positive integer n such that the induced morphism
θ˜n : Zn → Zn−1 ×kn−1 kn
is an isomorphism. Let us prove that also Xn → Xn−1 ×kn−1 kn is an
isomorphism. The equation (µn−1)∗OZn−1 = OXn−1 is stable under flat
base changes, hence we have
µ′∗OZn−1×kn−1kn = OXn−1×kn−1kn ,
where µ′ : Zn−1 ×kn−1 kn → Xn−1 ×kn−1 kn denotes the induced mor-
phism. Therefore, Xn−1 ×kn−1 kn is a normal variety. In particular,
θn : Xn → Xn−1 ×kn−1 kn is an isomorphism. Thus, the problem is
reduced to the case when X0 is projective over k0.
From now on, we treat the case when X0 is projective over k0. Let κ
be an algebraic closure of k0 and set V := (X0 ×k0 κ)
N
red. Fix an ample
Cartier divisor H on V and set
(3.17.1) γ0 := max{1, (f
∗KX0 −KV ) ·H
dimV−1},
where f : V → X0 denotes the induced morphism. Take a commutative
diagram as in the statement. For the algebraic closure κ′ of
⋃∞
n=0 kn,
set V ′ := V ×κ κ
′. Let f ′n : V
′ → Xn be the induced morphism. By
(3.17.1), it holds that
(3.17.2) γ0 := max{1, (f
′∗KX0 −KV ′) ·H
′dimV ′−1},
where H ′ denotes the pullback of H to V ′.
We have that
(3.17.3) KXn +Dn ∼ ϕ
∗
nKXn−1
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for some effective Weil divisor on Dn on Xn (Theorem 3.16). Note that
the following are equivalent.
(i) Dn = 0.
(ii) The induced morphism θn : Xn → Xn−1 ×kn−1 kn is an isomor-
phism.
Indeed, it is clear that (ii) implies (i). Conversely, assuming (i), we
have that Xn−1 ×kn−1 kn is normal (Theorem 3.16), hence (ii) holds.
Fix an arbitrary positive integer m. By (3.17.3), we obtain
(3.17.4) KXm +
m∑
n=1
Dn,m ∼ g
∗
mKX0 ,
where gm : Xm → X0 denotes the induced morphism and Dn,m is the
pullback of Dn to Xm. We obtain
(3.17.5) KV ′ + Em ∼ f
′∗
mKXm
for some effective Weil divisor Em on V
′ (Theorem 3.16). It follows
from (3.17.4) and (3.17.5) that
KV ′+Em+
m∑
n=1
f ′∗mDn,m ∼ f
′∗
m
(
KXm +
m∑
n=1
Dn,m
)
∼ f ′∗mg
∗
mKX0 = f
′∗
0 KX0 .
It holds that
γ0 = max{1, (f
′∗
0 KX0 −KV ′) ·H
′ dimV ′−1}
≥ (f ′∗0 KX0 −KV ′) ·H
′ dimV ′−1
=
(
Em +
m∑
n=1
f ′∗mDn,m
)
·H ′dimV
′−1
≥
(
m∑
n=1
f∗mDn,m
)
·H ′ dimV
′−1
≥ #{n ∈ {1, ...,m} |Dn 6= 0}
= #{n ∈ {1, ...,m} | θn : Xn → Xn−1 ×kn−1 kn is not an isomorphism},
where the first equality holds by (3.17.2) and the last equality follows
from the equivalence between (i) and (ii). Since m is chosen to be an
arbitrary positive integer, the assertion holds. 
3.7. Relations to base changes and morphisms. In this subsec-
tion, we study the behaviour of elemental extensions under base changes
and morphisms.
Proposition 3.18. Let k be a field of characteristic p > 0 and let
X be a variety over k such that k is algebraically closed in K(X).
Let (k ⊂ l ⊂ k′, ϕ : X ′ → X) be an elemental extension of (k,X).
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Let k ⊂ k1 be a (not necessarily algebraic) separable extension. Set
l1 := l ⊗k k1, k
′
1 := k
′ ⊗k k1, X1 := X ×k k1, and X
′
1 := X
′ ×k k1. Let
ϕ1 : X
′
1 → X1 be the induced morphism. Then the following hold.
(1) X1 is a variety over k1 such that k1 is algebraically closed in
K(X1). Furthermore, if X is normal, then X1 is normal.
(2) l1 and k
′
1 are fields. The induced ring extensions k1 ⊂ l1 ⊂ k
′
1
are purely inseparable field extensions such that k′p1 ⊂ k1.
(3) [l1 : k1] = [l : k], [k
′ : l] = [k′1 : l1], [k
′ : k] = [k′1 : k1].
(4) (k1 ⊂ l1 ⊂ k
′
1, ϕ1 : X
′
1 → X1) is an elemental extension of
(k1, X1).
Proof. The assertion (1) follows from Corollary 2.8. Let us show (2).
Since k ⊂ k′ is purely inseparable and k ⊂ k1 is separable, we have
that k′1 = k
′ ⊗k k1 is a field. The same argument implies that l1 is
a field. It is clear that k′p1 ⊂ k1 and the extensions k1 ⊂ l1 ⊂ k
′
1 are
purely inseparable. Hence, (2) holds. The assertion (3) is obvious.
Let us show (4). Since X ×k l is reduced, so is its separable base
change X1 ×k1 l1 (Lemma 2.6(2)). Hence, X1 ×k1 l1 = X ×k l1 is an
integral scheme (Proposition 2.2). Then it follows from Proposition
2.7(2) that X ′1 → X1 ×k1 l1 is the normalisation of X1 ×k1 l1. Thus (4)
holds. 
Proposition 3.19. Let k be a field of characteristic p > 0 and let
f : X → Y be a proper k-morphism of normal varieties over k such
that f∗OX = OY and k is algebraically closed in K(Y ) (this condition
automatically implies that k is algebraically closed in K(X)). Let (k ⊂
l ⊂ kX′, ϕ : X
′ → X) be an elemental extension of (k,X). Then
(1) Y ×k l is an integral scheme.
Furthermore, if Y ′ → Y ×k l is the normalisation of Y ×k l and kY ′
denotes the algebraic closure of l in K(Y ′), then the following hold.
(2) (k ⊂ l ⊂ kY ′, ψ : Y
′ → Y ) is an elemental extension of (k, Y ),
where ψ denotes the induced morphism.
(3) l ⊂ kX′ factors through l ⊂ kY ′:
l ⊂ kY ′ ⊂ kX′.
(4) If Y ×k l is not normal, then X ×k l is not normal.
Proof. Let us show (1). Note that the induced morphism f ×k l :
X ×k l → Y ×k l satisfies (f ×k l)∗OX×kl = OY×kl. Since X ×k l is an
integral scheme, so is Y ×k l, hence (1) holds. If X×k l is normal, then
so is Y ×k l. Thus (4) holds. The remaining assertions (2) and (3) are
obvious. 
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Proposition 3.20. Let k be a field of characteristic p > 0 and let
f : X 99K Y be a birational map over k of varieties over k such that k
is algebraically closed in K(X) = K(Y ). Let (k ⊂ l ⊂ k′, ϕ : X ′ → X)
be an elemental extension of (k,X). Then
(1) Y ×k l is an integral scheme which is birational to X ×k l.
Furthermore, if Y ′ → Y ×k l is the normalisation of Y ×k l and ψ :
Y ′ → Y denotes the induced morphism, then the following hold.
(2) (k ⊂ l ⊂ k′, ψ : Y ′ → Y ) is an elemental extension of (k, Y ).
(3) If the rational map f : X 99K Y is a morphism, then the fol-
lowing diagram of the induced morphisms
X ←−−− X ×k l ←−−− X
′yf yf×kl yf ′
Y ←−−− Y ×k l ←−−− Y
′
is commutative. Furthermore, f ′ : X ′ → Y ′ is birational.
(4) If f is an open immersion, then so are f ×k l and f
′. In par-
ticular, if Y ×k l is normal, then so is X ×k l.
(5) Assume that Y is normal and f is a proper morphism. Then
it holds that (f ×k l)∗OX×kl = OY×kl and f
′
∗OX′ = OY ′. In
particular, if X ×k l is normal, then so is Y ×k l.
Proof. The assertion (1) follows from Lemma 2.11. The remaining
assertions (2)–(5) are clear. 
Proposition 3.21. Let kY be a field of characteristic p > 0 and let
f : X → Y be a smoorh kY -morphism of normal varieties over kY such
that kY is algebraically closed in K(Y ). Let kX be the algebraic closure
of kY in K(X). Let (kY ⊂ lY ⊂ k
′
Y , ψ : Y
′ → Y ) be an elemental
extension of (kY , Y ). Set lX := lY ⊗kY kX and X
′ := Y ′ ×Y X. Then
the following hold.
(1) lX and k
′
Y ⊗kY kX are fields.
(2) X ×k l is an integral scheme and the induced morphism X
′ →
X ×kX lX is the normalisation of X ×kX lX .
(3) (kX ⊂ lX ⊂ k
′
X , ϕ : X
′ → X) is an elemental extension of
(kX , X), where ϕ denotes the induced morphism and k
′
X is the
algebraic closure of lX in K(X
′).
(4) [lX : kX ] = [l : k] and [k
′
X : lX ] ≥ [k
′
Y : lY ].
(5) If Y ×kY lY is normal, then X ×kX lX is normal.
(6) If f is surjective and X ×kX lX is normal, then Y ×kY lY is
normal.
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Proof. By Proposition 2.5, kX is a finite separable extension of kY .
Hence, (1) holds. Let us show (2). Since X ×kX lX ≃ X ×kY lY , we
have the commutative diagram
(3.21.1)
X ←−−− X ×kX lX ←−−− X
′yf yf×kY lY yf ′
Y ←−−− Y ×kY lY ←−−− Y
′
where both the squares are cartesian. In particular, the vertical arrows
are smooth morphisms. Since Y is normal, it follows from [Tan18,
Lemma 2.2(2)] that the horizontal arrows are finite universal home-
omorphisms. Therefore, X ×kX lX is an integral scheme and X
′ →
X ×kX lX is the normalisation of X ×kX lX . Thus, (2) holds.
The assertion (3) follows from (1) and (2). It is clear that [lX : kX ] =
[l : k]. Since we have injection kX ⊗kY k
′
Y →֒ k
′
X , we obtain
[k′X : lX ] ≥ [kX ⊗kY k
′
Y : kX ⊗kY lY ] = [k
′
Y : lY ].
Thus (4) holds. The assertions (5) and (6) follow from the fact that
the left square of (3.21.1) is cartesian. 
4. Capacity of denormalising base changes γ(X/k)
In this section, we first introduce capacity of denormalising base
changes γ(X/k) in Subsection 4.1 (Definition 4.1). We then discuss be-
haviour of γ(X/k) under base changes (Subsection 4.2) and morphisms
(Subsection 4.3). A prominent property of γ(X/k) is the following for-
mula:
KY + (p− 1)
γ(X/k)∑
i=1
Ci ∼ f
∗KX
where we set Y := (X×k k
1/p∞)Nred and f : Y → X denotes the induced
morphism (Theorem 4.4). On the other hand, it seems to be difficult to
compute γ(X/k), as it is defined as a maximum in an abstract situation.
Because of this reason, the author does not know whether γ(X/k)
changes even under algebraic separable base changes (cf. Proposition
4.5)
4.1. Definition. In this subsection, we first introduce capacity of de-
normalising base changes γ(X/k) (Definition 4.1). We then describe
an alternative definition in terms of elemental extensions (Proposition
4.3). Finally, we give a formula for canonical divisors (Theorem 4.4).
Definition 4.1. Let k be a field of characteristic p > 0 and let X be a
normal variety over k such that k is algebraically closed in K(X). Set
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k0 := k and X0 := X . We define γ(X/k) as the minimum non-negative
integer γ such that if
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕn
←−−− Xn
ϕn+1
←−−− · · ·yα0 yα1 yαn
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψn
←−−− Spec kn
ψn+1
←−−− · · ·
is a commutative diagram such that
(1) the lower sequence is induced by a sequence of purely insepara-
ble extensions
k0 ⊂ k1 ⊂ k2 ⊂ · · · ,
(2) Xn is a normal variety over kn such that kn is algebraically
closed in K(Xn) for any n,
(3) the induced morphism Xn → (Xn−1 ×kn−1 kn)
N
red is an isomor-
phism, and ϕn coincides with the induced morphism for any
n,
then it holds that
#{n ∈ Z>0 | θn : Xn → Xn−1 ×kn−1 kn is not an isomorphism} ≤ γ,
where θn denotes the induced morphism. It follows from Theorem 3.17
that such γ(X/k) exists. We call γ(X/k) the capacity of denormalising
extensions of X/k.
Proposition 4.2. Let k be a field of characteristic p > 0 and let X
be a normal variety over k such that k is algebraically closed in K(X).
Then the following are equivalent.
(1) X is geometrically normal over k.
(2) γ(X/k) = 0.
Proof. It is clear that (1) implies (2). Let us prove that (2) implies (1).
Assume (2). Then (X ×k k
1/p∞)Nred → X ×k k
1/p∞ is an isomorphism
by Definition 4.1. Therefore, (1) holds. 
Proposition 4.3. Let k be a field of characteristic p > 0 and let X
be a normal variety over k such that k is algebraically closed in K(X).
Set k0 := k, X0 := X, and γ := γ(X/k) = γ(X0/k0). Then there exists
a commutative diagram
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕγ
←−−− Xγyα0 yα1 yαγ
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψγ
←−−− Spec kγ
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such that
(1) the lower sequence is induced by a sequence of purely inseparable
extensions
k0 ⊂ k1 ⊂ · · · ⊂ kγ ,
(2) Xn is a normal variety over kn such that kn is algebraically
closed in K(Xn) for any n,
(3) the induced morphism Xn → (Xn−1 ×kn−1 kn)
N
red is an isomor-
phism, ϕn coincides with the induced morphism for any n, and
(4) for any 1 ≤ n ≤ γ, there is a commutative diagram
Xn−1
ϕ′n←−−− X ′n−1
ϕ′′n←−−− Xnyαn−1 yβn−1 yαn
Spec kn−1
ψ′n←−−− Spec k′n−1
ψ′′n←−−− Spec kn
such that ϕn = ϕ
′
n ◦ϕ
′′
n, ψn = ψ
′
n ◦ψ
′′
n, the left square is a carte-
sian, and the right square is an elemental extension of internal
degree p which is not cartesian.
Proof. By Definition 4.1, there exists a commutative diagram
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕγ
←−−− Xγyα0 yα1 yαγ
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψγ
←−−− Spec kγ
such that (1)–(3) and the following property (4)′ hold.
(4)′ the induced morphism Xn → (Xn−1 ×kn−1 kn)
N
red is not an iso-
morphism for any n.
We apply Theorem 3.13 to each square
Xn−1
ϕn
←−−− Xnyαn−1 yαn
Spec kn−1
ψn
−−−→ Spec kn.
By Definition 4.1, this square is decomposed into the following com-
mutative diagram:
Xn−1 ←−−− Yn−1 ←−−− Zn ←−−− Xnyαn−1 y y yαn
Spec kn−1 ←−−− Spec k
Y
n−1 ←−−− Spec k
Z
n ←−−− Spec kn
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where the left and the right squares are cartesian and the middle square
is an elemental extension of internal degree p which is not cartesian.
After replacing (kn, Xn) suitably, the assertion holds. 
Theorem 4.4. Let k be a field of characteristic p > 0 and let X be a
normal variety over k such that k is algebraically closed in K(X). For
κ ∈ {k1/p
∞
, k}, set Y := (X ×k κ)
N
red and let f : Y → X be the induced
morphism. If X is not geometrically normal over k, then there exist
effective Weil divisors C1, ..., Cγ(X/k) such that the linear equivalence
(4.4.1) KY + (p− 1)
γ(X/k)∑
i=1
Ci ∼ f
∗KX
holds. Furthermore, each Ci can be chosen to be nonzero if X is geo-
metrically reduced or X is proper over k.
Proof. If κ = k1/p
∞
, then the assertion follows from Theorem 3.16
and Proposition 4.3. If κ = k, then the problem is reduced to the
case when κ = k1/p
∞
, since Y = (X ×k k)
N
red → X factors through
(X ×k k
1/p∞)Nred → X . 
4.2. Base changes. In this subsection, we study behaviour of γ(X/k)
under base changes.
Proposition 4.5. Let k be a field of characteristic p > 0 and let X
be a normal variety over k such that k is algebraically closed in K(X).
Let k ⊂ l be a (not necessarily algebraic) separable extension. Then
γ(X/k) ≤ γ(X ×k l/l).
Proof. The assertion follows from Proposition 4.3 and the fact that a
separable base change of an elemental extension is again an elemental
extension (Proposition 3.18). 
Remark 4.6. In the situation of Proposition 4.5, it is natural to hope
the equation: γ(X/k) ≥ γ(X ×k l/l). The author does not know how
to prove this.
Proposition 4.7. Let k be a field of characteristic p > 0 and let X
be a normal variety over k such that k is algebraically closed in K(X).
Assume that X is not geometrically normal over k. Set X ′ := (X ×k
k1/p)Nred. Then γ(X/k) ≥ γ(X
′/k1/p)+ 1 (note that k1/p is algebraically
closed in K(X ′) by Lemma 2.9).
Proof. Since X ′ → (X ×k k
1/p)Nred is not an isomorphism (Proposition
2.10(3)), the assertion follows from Definition 4.1. 
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4.3. Behaviour under morphisms. In this subsection, we study be-
haviour of γ(X/k) under morphisms.
Proposition 4.8. Let k be a field of characteristic p > 0 and let f :
X → Y be a smooth surjective k-morphism of normal k-varieties such
that k is algebraically closed in K(Y ). Let kX be the algebraic closure
of kY in K(X). Then γ(X/kX) ≥ γ(Y/k).
Proof. Set k0 := k, Y := Y0, and γ := γ(Y/k) = γ(Y0/k0). Proposition
4.3 implies that there is a commutative diagram
Y0
ϕ1
←−−− Y1
ϕ2
←−−− · · ·
ϕγ
←−−− Yγyα0 yα1 yαγ
Spec k0
ψ1
←−−− Spec k1
ψ2
←−−− · · ·
ψγ
←−−− Spec kγ
that satisfies the properties as in Proposition 4.3. In particular, for any
1 ≤ n ≤ γ, there is a commutative diagram
Yn−1
ϕ′n←−−− Y ′n−1
ϕ′′n←−−− Ynyαn−1 yβn−1 yαn
Spec kn−1
ψ′n←−−− Spec k′n−1
ψ′′n←−−− Spec kn
such that ϕn = ϕ
′
n ◦ϕ
′′
n, ψn = ψ
′
n ◦ψ
′′
n, the left square is a cartesian, and
the right square is an elemental extension of internal degree p which is
not cartesian.
We inductively define Xn and X
′
n by base changes, i.e. Xn and X
′
n
complete the following diagram consisting of cartesian diagrams:
Xn−1
ϕ˜′n←−−− X ′n−1
ϕ˜′′n←−−− Xnyfn−1 yf ′n−1 yfn
Yn−1
ϕ′n←−−− Y ′n−1
ϕ′′n←−−− Yn.
Hence, the horizontal arrows are finite universal homeomorphisms and
the vertical arrows are smooth. Therefore, Xn and X
′
n are normal
varieties for any n. Let kXn and kX′n be the algebraic closure of k
in K(Xn) and K(X
′
n), respectively. It follows from Proposition 3.21
that (Xn, kXn) is an elemental extension of (kX′n−1 , X
′
n−1) such that
X ′n−1 ×kX′
n−1
kXn is not normal. Therefore, Definition 4.1 implies that
γ(X/k) ≥ γ = γ(Y/k). 
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Proposition 4.9. Let k be a field of characteristic p > 0 and let f :
X → Y be an open immersion over k of normal k-varieties such that
k is algebraically closed in K(Y ). Then γ(X/k) ≤ γ(Y/k).
Proof. We can apply a similar argument to the one of Proposition 4.8.

5. Frobenius length of geometric non-normality ℓF (X/k)
In this section, we first introduce Frobenius length of geometric non-
normality ℓF (X/k) in Subsection 5.1 (Definition 5.1). We then discuss
behaviour of ℓF (X/k) under base changes (Subsection 5.2) and mor-
phisms (Subsection 5.3). In Subsection 5.4, we establish Frobenius
factorisation property (Theorem 5.9). In Subsection 5.5, we give a
bound on Q-Gorenstein index of (X ×k k
1/p∞)Nred for some (Theorem
5.12).
5.1. Definition. In this subsection, we introduce Frobenius length of
geometric non-normality ℓF (X/k) (Definition 5.1).
Definition 5.1. Let k be a field of characteristic p > 0. Let X be a
normal variety over k such that k is algebraically closed in K(X). We
define ℓF (X/k) by
ℓF (X/k) := min{ℓ ∈ Z≥0 | (X×kk
1/pℓ)Nred is geometrically normal over k
1/pℓ}.
Note that the minimum in the right hand side exists (Remark 5.2).
We call ℓF (X/k) the Frobenius length of geometric non-normality of
X/k.
Remark 5.2. We use notation as in Definition 5.1. Lemma 3.12 im-
plies that (X ×k k
1/pℓ)Nred is geometrically normal over k
1/pℓ for any
ℓ≫ 0. Furthermore, we have that
(X ×k k
1/pℓ1 )Nred ×k1/pℓ1 k
1/pℓ2 ≃ (X ×k k
1/pℓ2 )Nred
for any integers ℓ1, ℓ2 such that ℓF (X/k) ≤ ℓ1 < ℓ2 ≤ ∞.
Remark 5.3. We use notation as in Definition 5.1. Proposition 2.10(3)
implies that the following are equivalent.
(1) X is geometrically normal over k.
(2) ℓF (X/k) = 0.
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5.2. Base changes. In this subsection, we study behaviour of ℓF (X/k)
under base changes.
Proposition 5.4. Let k be a field of characteristic p > 0. Let X be a
normal variety over k such that k is algebraically closed in K(X). Let
k ⊂ l be a (not necessarily algebraic) separable field extension. Then
ℓF (X/k) = ℓF (X ×k l/l).
Proof. Fix e ∈ Z≥0. Set Y := X ×k l. Since k
1/pe ⊂ l1/p
e
is a separable
extension, it follows from Proposition 2.7(2) that
(X×k k
1/pe)Nred×k1/pe l
1/pe ≃ (X×k k
1/pe×k1/pe l
1/pe)Nred ≃ (Y ×l l
1/pe)Nred.
Therefore, (X×k k
1/pe)Nred is geometrically normal over k
1/pe if and only
if (Y ×l l
1/pe)Nred is geometrically normal over l
1/pe . 
Proposition 5.5. Let k be a field of characteristic p > 0. Let X be
a normal variety over k such that k is algebraically closed in K(X).
Let k ⊂ k′ be a field extension such that k′ is algebraically closed in
X ′ := (X ×k k
′)Nred. Then the inequality ℓF (X/k) ≥ ℓF (X
′/k′) holds.
Proof. By Proposition 5.4, we may assume that k ⊂ k′ is purely in-
separable. Set ℓ := ℓF (X/k). It follows from Definition 5.1 that
(X ×k k
1/pℓ)Nred is geometrically normal over k
1/pℓ . It holds that
(X ×k k
1/pℓ)Nred ×k1/pℓ k
′1/pℓ ≃ (X ′ ×k′ k
′1/pℓ)Nred,
because each of the both hand sides coincides with the normalisation of
X in the composite field of K(X) and k′1/p
ℓ
(Proposition 2.3). There-
fore, (X ′×k′ k
′1/pℓ)Nred is geometrically normal over k
′1/pℓ . Then it holds
that ℓF (X/k) = ℓ ≥ ℓF (X
′/k′), as desired. 
Proposition 5.6. Let k be a field of characteristic p > 0. Let X be
a normal variety over k such that k is algebraically closed in K(X).
Let r be a non-negative integer such that ℓF (X/k) ≥ r. Set X
′ :=
(X ×k k
1/pr)Nred. Then it holds that ℓF (X
′/k1/p
r
) = ℓF (X/k)− r.
Proof. Fix r as in the statement. Set k′ := k1/p
r
. For any integer ℓ
such that ℓ ≥ r, it holds that
(X ′ ×k′ k
′1/pℓ−r)Nred = ((X ×k k
1/pr)Nred ×k1/pr k
1/pℓ)Nred ≃ (X ×k k
1/pℓ)Nred,
where the last isomorphism holds, because each of both hand sides is
isomorphic to the normalisation of X in the composite field of K(X)
and k1/p
ℓ
(Proposition 2.3). Then the assertion follows from Definition
5.1. 
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5.3. Behaviour under morphisms. In this subsection, we study be-
haviour of ℓF (X/k) under morphisms.
Proposition 5.7. Let k be a field of characteristic p > 0 and let f :
X → Y be a smooth k-morphism of normal k-varieties such that k is
algebraically closed in K(Y ). Let kX be the algebraic closure of k in
K(X). Then the following hold.
(1) ℓF (X/kX) ≤ ℓF (Y/k).
(2) If f is surjective, then ℓF (X/kX) = ℓF (Y/k).
Proof. Set ℓ(X) := ℓF (X/kX) and ℓ(Y ) := ℓF (Y/k). For any positive
integer e, the following three morphisms are smooth:
• X ×k k
1/pe → Y ×k k
1/pe .
• (X ×k k
1/pe)red → (Y ×k k
1/pe)red.
• (X ×k k
1/pe)Nred → (Y ×k k
1/pe)Nred.
Since k ⊂ kX is a finite separable extension (Proposition 2.5), it holds
that k
1/pe
X ≃ kX ⊗k k
1/pe . Hence, we obtain
(X ×k k
1/pe)Nred ≃ (X ×kX k
1/pe
X )
N
red.
Let us show (1). By Definition 5.1, (Y ×k k
1/pℓ(Y ))Nred is geometrically
normal over k1/p
ℓ(Y )
. Then (X ×k k
1/pℓ(Y ))Nred is geometrically normal
over k1/p
ℓ(Y )
. This implies that (X ×kX k
1/pℓ(Y )
X )
N
red is geometrically nor-
mal over k
1/pℓ(Y )
X . Therefore, (1) holds.
Let us show (2). By Definition 5.1, (X×kXk
1/pℓ(X)
X )
N
red is geometrically
normal over k
1/pℓ(X)
X . Then (X ×k k
1/pℓ(X))Nred is geometrically normal
over k1/p
ℓ(X)
. Therefore, (Y ×k k
1/pℓ(X))Nred is geometrically normal over
k1/p
ℓ(X)
. Hence, it holds that ℓ(X) ≤ ℓ(Y ). Since we have already
shown ℓ(X) ≥ ℓ(Y ) in (1), the assertion (2) holds. 
Proposition 5.8. Let k be a field of characteristic p > 0 and let f :
X → Y be a proper birational k-morphism of normal k-varieties such
that k is algebraically closed in K(X). Then it holds that ℓF (X/k) ≥
ℓF (Y/k).
Proof. Set ℓ(X) := ℓF (X/k). The induced morphism
f ′ : X ′ := (X ×k k
1/pℓ(X))Nred → (Y ×k k
1/pℓ(X))Nred =: Y
′
is a proper birational morphism of normal varieties over k1/p
ℓ(X)
. In
particular, we have that f ′OX′ = OY ′ . SinceX
′ is geometrically normal
over k1/p
ℓ(X)
, Y ′ is geometrically normal over k1/p
ℓ(X)
. This implies
ℓF (X/k) = ℓ(X) ≥ ℓF (Y/k). 
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5.4. Frobenius factorisation. The purpose of this subsection is to
prove the following theorem.
Theorem 5.9. Let k be a field of characteristic p > 0. Let X be a
normal variety over k such that k is algebraically closed in K(X). Set
ℓ := ℓF (X/k). Then the ℓ-th iterated absolute Frobenius morphism of
X×k k
1/p∞ factors through the induced morphism g : (X×k k
1/p∞)Nred →
X ×k k
1/p∞:
F ℓX×kk1/p∞ : X ×k k
1/p∞ → (X ×k k
1/p∞)Nred
g
−→ X ×k k
1/p∞ .
Proof. We first prove that the ℓ-th iterated absolute Frobenius mor-
phism F ℓ
X×kk1/p
ℓ of X ×k k
1/pℓ factors through the induced morphism
g˜ : (X ×k k
1/pℓ)Nred → X ×k k
1/pℓ :
(5.9.1) F ℓ
X×kk1/p
ℓ : X ×k k
1/pℓ h˜−→ (X ×k k
1/pℓ)Nred
g˜
−→ X ×k k
1/pℓ .
By Proposition 2.3, we have a factorisation: F ℓX : X
h1−→ (X ×k
k1/p
ℓ
)Nred
g1
−→ X , where g1 is the induced morphism. For the first projec-
tion π : X ×k k
1/pℓ → X , we obtain the following diagram
X (X ×k k
1/pℓ)Nred X
X ×k k
1/pℓ X ×k k
1/pℓ
△
F ℓ
X×kk1/p
ℓ
ππ
F ℓX
ζ
h1 g1
g˜
where we can check that there is the morphism ζ such that F ℓ
X×kk1/p
ℓ =
ζ ◦ π and F ℓX = π ◦ ζ . Clearly, the above three diagrams with circles
are commutative.
We now prove that also the diagram with the triangle is commu-
tative. Since all the morphisms are affine, we may assume that X is
affine (hence all the schemes in the diagram are affine). It suffices to
prove that the following two induced ring homomorphisms coincide:
ζ∗, (g˜ ◦ h1)
∗ : O
X×kk1/p
ℓ → OX ,
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where we identify O
X×kk1/p
ℓ and OX with OX×kk1/pℓ (X ×k k
1/pℓ) and
OX(X), respectively. We have OX×kk1/pℓ = OX ⊗k k
1/pℓ . Take a ∈ OX
and b ∈ k1/p
ℓ
. By definition of ζ , it holds that ζ∗(a ⊗ b) = ap
ℓ
bp
ℓ
. By
π ◦ g˜ = g1, we have that
((g˜ ◦ h1)
∗(a⊗ b))p
ℓ
= h∗1 ◦ g˜
∗(ap
ℓ
bp
ℓ
⊗ 1) = h∗1 ◦ g˜
∗ ◦ π∗(ap
ℓ
bp
ℓ
)
= h∗1 ◦ g
∗
1(a
pℓbp
ℓ
) = (F ℓX)
∗(ap
ℓ
bp
ℓ
) = (ap
ℓ
bp
ℓ
)p
ℓ
.
Therefore, the equation
(ζ∗(a⊗ b))p
ℓ
= ((g˜ ◦ h1)
∗(a⊗ b))p
ℓ
holds for any a ∈ OX and b ∈ k
1/pℓ . In particular, we obtain ζ∗(c)p
ℓ
=
(g˜ ◦ h1)
∗(c)p
ℓ
for any c ∈ O
X×kk1/p
ℓ . Since OX is reduced, we have that
ζ∗(c) = (g˜ ◦ h1)
∗(c) for any c ∈ O
X×kk1/p
ℓ .
We have shown that the above diagram is commutative. Set h˜ :=
h1 ◦ π. Then we have the required factorisation (5.9.1).
Taking the base change (5.9.1)×
k1/p
ℓ k1/p
∞
, we obtain
F ℓ
X×kk1/p
ℓ ×k1/pℓ k
1/p∞ : Y → (X ×k k
1/p∞)Nred → X ×k k
1/p∞ ,
where Y is obtained as the base change and the isomorphism
(X ×k k
1/pℓ)Nred ×k1/pℓ k
1/p∞ ≃ (X ×k k
1/p∞)Nred
follows from Remark 5.2. Note that the ℓ-th iterated absolute Frobe-
nius morphism F ℓ
X×kk1/p
∞ factors through the base change of the ℓ-th
iterated absolute Frobenius F ℓ
X×kk1/p
ℓ ×k1/pℓ k
1/p∞ , as desired. 
Remark 5.10. The author does not know whether ℓF (X/k) coincides
with the minimum non-negative integer ν such that the ν-th iterated
absolute Frobenius morphism ofX×kk
1/p∞ factors through the induced
morphism g : (X ×k k
1/p∞)Nred → X ×k k
1/p∞ .
5.5. Q-Gorenstein index. In this subsection, we give a bound of Q-
Gorenstein index of (X ×k k
1/p∞)Nred by using ℓF (X/k). The following
proposition is a key result.
Proposition 5.11. Let k be a field of characteristic p > 0 and let X
be a normal variety over k such that k is algebraically closed in K(X).
Set ℓ := ℓF (X/k) and Xn := (X ×k k
1/pn)Nred for any n ∈ Z≥0. Fix
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κ ∈ {k1/p
∞
, k} and let Y := (X ×k κ)
N
red. Let
X0
ϕ1
←−−− X1
ϕ2
←−−− · · ·
ϕℓ←−−− Xℓ
ϕ˜
←−−− Yyα0 yα1 yαℓ yβ
Spec k
ψ1
←−−− Spec k1/p
ψ2
←−−− · · ·
ψℓ←−−− Spec k1/p
ℓ ψ˜
←−−− Spec k1/p
∞
be the commutative diagram consisting of the induced morphisms. Then
the following hold.
(1) For any integer i with 1 ≤ i ≤ ℓ, there exists an effective Weil
divisor Ci on Xi such that the linear equivalence
KXi + (p− 1)Ci ∼ ϕ
∗
iKXi−1
holds. Furthermore, each Ci can be chosen to be nonzero if X
is geometrically reduced or X is proper over k.
(2) Let Di be the pullback of Ci to Y . Then the linear equivalence
KY + (p− 1)
ℓ∑
i=1
Di ∼ f
∗KX
holds, where f : Y → X denotes the induced morphism.
(3) For any integer i with 1 ≤ i ≤ ℓ, the i-th iterated absolute Frobe-
nius morphism F iXi of Xi factors through the induced morphism
Xi → X0 = X:
F iXi : Xi → X → Xi.
Proof. Let us show (1). Fix an integer i with 1 ≤ i ≤ ℓ. By Definition
5.1, Xi−1 is not geometrically normal over k
1/pi−1 . Hence, Xi−1×k1/pi−1
k1/p
i
is not normal. Therefore, the assertion (1) holds by Theorem 3.16.
Let us show (2). It follows from Remark 5.2 that the rightmost
square in the commutative diagram in the statement is cartesian. Hence,
(1) implies (2).
Let us show (3). By Proposition 2.3, we have K(Xi)
pi ⊂ K(X) ⊂
K(Xi). Therefore, the i-th iterated absolute Frobenius morphism F
i
Xi
of Xi factors through the induced morphism Xi → X0 = X :
F iXi : Xi → X → Xi.
Thus (3) holds. 
Theorem 5.12. Let k be a field of characteristic p > 0 and let X be a
normal variety over k such that k is algebraically closed in K(X). Set
ℓ := ℓF (X/k). Fix κ ∈ {k
1/p∞ , k} and let Y := (X ×k κ)
N
red. Assume
that there exists a positive integer n such that if E is a prime divisor
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E on X, then nE is a Cartier divisor (e.g. if X is regular, then n can
be chosen to be 1). Then npℓKY is a Cartier divisor.
Proof. We use the same notation as in Proposition 5.11. By Proposition
5.11(2), we have
KY + (p− 1)
ℓ∑
i=1
Di ∼ f
∗KX .
Since the Weil divisor npiCi is the pullback of nCi by F
i
Xi
, npiCi is a
pullback of a Cartier divisor on X (Proposition 5.11(3)). Hence, npiCi
is Cartier. Since nKX and np
ℓCi are Cartier for any i, it holds that
also npℓKY is Cartier. 
6. Frobenius length of geometric non-reducedness
mF (X/k)
In this section, we first introduce Frobenius length of geometric non-
reducedness mF (X/k) in Subsection 6.1 (Definition 6.1). We then dis-
cuss behaviour of mF (X/k) under base changes (Subsection 6.2) and
morphisms (Subsection 6.3). In Subsection 6.4, we establish Frobenius
factorisation property.
6.1. Definition. In this subsection, we introduce Frobenius length of
geometric non-reducedness mF (X/k) (Definition 6.1). By definition,
we have mF (X/k) ≤ ℓF (X/k). After removing suitable closed subsets,
the equality holds (Proposition 6.6).
Definition 6.1. Let k be a field of characteristic p > 0. Let X be a
variety over k such that k is algebraically closed in K(X). Set
mF (X/k) :=
min{m ∈ Z≥0 | (X ×k k
1/pm)red is geometrically reduced over k
1/pm},
whose existence is guaranteed by Remark 6.2. We call mF (X/k) the
Frobenius length of geometric non-reducedness of X/k.
Remark 6.2. We use notation as in Definition 6.1. Lemma 3.12 im-
plies that (X ×k k
1/pm)red is geometrically reduced over k
1/pm for any
m≫ 0. Furthermore, we have that
(X ×k k
1/pm1 )red ×k1/pm1 k
1/pm2 ≃ (X ×k k
1/pm2 )red
for any mF (X/k) ≤ m1 < m2 ≤ ∞.
Remark 6.3. We use notation as in Definition 6.1. Proposition 2.10
implies that the following are equivalent.
(1) X is geometrically reduced over k.
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(2) mF (X/k) = 0.
Remark 6.4. We use notation as in Definition 6.1. If X ′ is a non-
empty open subset of X , then it holds that mF (X/k) = mF (X
′/k).
Indeed, for any non-negative integer n, Proposition 2.12 implies that
the following are equivalent.
• (X ×k k
1/pn)red is geometrically reduced over k
1/pn.
• (X ′ ×k k
1/pn)red is geometrically reduced over k
1/pn .
Remark 6.5. Let k be a field of characteristic p > 0. Let X be
a normal variety over k such that k is algebraically closed in K(X).
Then it follows from Definition 5.1 and Definition 6.1 that mF (X/k) ≤
ℓF (X/k).
Proposition 6.6. Let k be a field of characteristic p > 0. Let X be a
variety over k such that k is algebraically closed in K(X). Then there
exists a non-empty open subset Y of X such that Y is normal and the
equation
mF (X/k) = mF (Z/k) = ℓF (Z/k)
holds for any non-empty open subset Z of Y .
Proof. For m := mF (X/k), (X ×k k
1/pm)red is geometrically reduced
over k1/p
m
. Note that (X ×k k
1/pn)red is an integral scheme for any
n ∈ Z≥0 (cf. Proposition 2.2). Since (X ×k k
1/pm)red is geometrically
reduced over k1/p
m
, there exists a non-empty open subset Y of X such
that Y is regular and (Y ×k k
1/pm)red is smooth over k
1/pm . Fix a non-
empty open subset Z of Y . Since (Z ×k k
1/pm)red is smooth over k
1/pm
we have ℓF (Z/k) ≤ m. On the other hand, Remark 6.4 deduces that
mF (X/k) = mF (Z/k). To summarise, it holds that
ℓF (Z/k) ≤ m = mF (X/k) = mF (Z/k) ≤ ℓF (Z/k),
where the last inequality follows from Remark 6.5. 
6.2. Base changes. In this subsection, we study behaviour ofmF (X/k)
under base changes.
Proposition 6.7. Let k be a field of characteristic p > 0. Let X
be a variety over k such that k is algebraically closed in K(X). Let
k ⊂ l be a (not necessarily algebraic) separable field extension. Then
mF (X/k) = mF (X ×k l/l).
Proof. The assertion follows from the same argument as in Proposition
5.4. 
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Proposition 6.8. Let k be a field of characteristic p > 0. Let X be a
variety over k such that k is algebraically closed in K(X). Let k ⊂ k′
be a field extension such that k′ is algebraically closed in K(X ′), where
X ′ := (X ×k k
′)red. Then the inequality mF (X/k) ≥ mF (X
′/k′) holds.
Proof. By Proposition 6.7, we may assume that k ⊂ k′ is a purely
inseparable extension. Then the assertion follows from Proposition 5.5
and Proposition 6.6. 
Proposition 6.9. Let k be a field of characteristic p > 0. Let X be a
variety over k such that k is algebraically closed in K(X). Let r be a
non-negative integer such that mF (X/k) ≥ r. Set X
′ := (X×kk
1/pr)red.
Then it holds that mF (X
′/k1/p
r
) = mF (X/k)− r.
Proof. The assertion follows from Proposition 5.6 and Proposition 6.6.

6.3. Behaviour under morphisms. In this subsection, we study be-
haviour of mF (X/k) under morphisms.
Proposition 6.10. Let k be a field of characteristic p > 0 and let
f : X → Y be a smooth k-morphism of k-varieties such that k is
algebraically closed in K(Y ). Let kX be the algebraic closure of k in
K(X). Then it holds that mF (X/kX) = mF (Y/k)
Proof. Thanks to Remark 6.4 and Proposition 6.6, we may assume that
X and Y are normal, mF (X/kX) = ℓF (X/kX), mF (Y/k) = ℓF (Y/k),
and f is surjective. Then the assertion follows from Proposition 5.7(2).

Proposition 6.11. Let k be a field of characteristic p > 0. Let X
be a variety over k such that k is algebraically closed in K(X). Let
X ′ be a variety over k which is birational to X. Then it holds that
mF (X/k) = mF (X
′/k).
Proof. The assertion follows from Remark 6.4. 
6.4. Frobenius factorisation. We close this section with the follow-
ing Frobenius factorisation property.
Theorem 6.12. Let k be a field of characteristic p > 0. Let X be a
variety over k such that k is algebraically closed in K(X). Set m :=
mF (X/k). Then them-th iterated absolute Frobenius morphism ofX×k
k1/p
∞
factors through the induced morphism g : (X ×k k
1/p∞)red →
X ×k k
1/p∞:
FmX×kk1/p∞ : X ×k k
1/p∞ → (X ×k k
1/p∞)red
g
−→ X ×k k
1/p∞ .
Proof. The same argument as in Theorem 5.9 works. 
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7. Thickening exponents ǫ(X/k)
In this section, we introduce thickening exponent ǫ(X/k) in Subsec-
tion 7.1 (Definition 7.4). We then discuss behaviour of mF (X/k) under
base changes (Subsection 7.2) and morphisms (Subsection 7.3).
7.1. Definition. In this subsection, we define thickening exponent ǫ(X/k).
To this end, we prove Theorem 7.3, which asserts that lengthRR is a
power of p for the local ring R at the generic point of X ×k k
1/p∞ .
Although this result itself is known (cf. [Kol96, Ch. I, Proposition
7.1.1]), we give an alternative proof, which simultaneously enables us
to establish a relation to elemental extensions (Proposition 7.2). We
start with the following auxiliary result.
Lemma 7.1. Let (R,m) be an artinian local ring and let F be a coef-
ficient field of R, i.e. F is a field such that F is a subring of R and
the composite ring homomorphism F →֒ R→ R/m is an isomorphism.
Let M be a finitely generated R-module. Then
lengthRM = dimF M.
Proof. Since R is an artinian local ring, it follows from [Mat89, Theo-
rem 6.4] that there is a composition sequence of R-submodules of M
M =: M0 ⊃M1 ⊃ · · · ⊃Mn = 0
such that Mi/Mi+1 ≃ R/m for any i. Then we have that dimF M = n.
On the other hand, the Jordan–Ho¨lder theorem deduces that lengthRM =
n, as desired. 
Proposition 7.2. Let k be a field of characteristic p > 0 and let X be
a variety such that k is algebraically closed in K(X). Let k ⊂ l be a
purely inseparable field extension such that X×k l is an integral scheme.
Let X ′ be the normalisation of X×k l and let k
′ be the algebraic closure
of l in K(X ′). For κ := k1/p
∞
, we consider l and k′ as subfields of κ.
Set R and R′ to be the local rings of X×k κ and X
′×k′ κ at the generic
points, respectively. Then it holds that
lengthRR = [k
′ : l]lengthR′ R
′.
Proof. Set K := K(X) and K ′ := K(X ′). Since X ×k l is an integral
scheme and X ′ is its normalisation, we obtain
K ⊗k l = K(X)⊗k l = K(X ×k l) = K(X
′) = K ′.
Let S be the k′-algebra such that we set S := K ′ ⊗l k
′ as an l-algebra
and we consider S as a k′-algebra via the with the second coprojection
k′ → K ′ ⊗l k
′. Set S ′ := K ′ ⊗k′ k
′, which is a k′-algbera. It holds that
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• R′ = K ′ ⊗k′ κ = S
′ ⊗k′ κ, and
• R = K ⊗k κ = (K ⊗k l)⊗l κ = K
′ ⊗l κ = S ⊗k′ κ.
We have the natural surjective k′-algebra homomorphism
π : S = K ′ ⊗l k
′ → K ′ ⊗k′ k
′ = S ′, x⊗l y 7→ x⊗k′ y.
Applying the tensor product (−) ⊗k′ κ, we obtain the surjective ring
homomorphism
π ⊗k′ κ : R = S ⊗k′ κ→ S
′ ⊗k′ κ = R
′.
We consider S ′ and R′ as an S-algebra and an R-algebra via π and
π ⊗k′ κ, respectively.
Since S ′ is a field and S is an artinian local ring, we obtain the S-
algebra isomorphism S ′ ≃ Sred, i.e. Ker(π) is equal to the nilradical of
S. We have l-algebra homomorphisms:
id : K ′
ϕ
−→ K ′ ⊗l k
′ = S
π
−→ S ′ = K ′ ⊗k′ k
′ θ,≃−−→ K ′,
where ϕ is the first coprojection and θ is defined by θ(x⊗ y) = xy for
x ∈ K ′ and y ∈ k′. Set F := ϕ(K ′). Then it follows from Lemma 7.1
that lengthS S = dimF S = [k
′ : l]. Since S is an artinian local ring,
there exists a composition sequence of S-submodules
S =: M0 ⊃M1 ⊃ · · · ⊃M[k′:l]
with S-module isomorphisms Mi/Mi+1 ≃ Sred ≃ S
′ for any i. For
Ni :=Mi ⊗k′ κ, we obtain a sequence of R-submodules:
R = N0 ⊃ N1 ⊃ · · · ⊃ N[k′:l]
with R-module isomorphisms Ni/Ni+1 ≃ S
′⊗k′κ ≃ R
′ for any i. There-
fore, it holds that
lengthRR = [k
′ : l]lengthRR
′ = [k′ : l]lengthR′R
′,
where the second equality holds because the R-module structure of R′
is defined by a surjective ring homomorphism π ⊗k′ κ : R → R
′ of
artinian local rings. 
Theorem 7.3. Let k be a field of characteristic p > 0 and let X be
a variety such that k is algebraically closed in K(X). Set R to be the
local ring of X ×k k
1/p∞ at the generic point. Then the following hold.
(1) There exists a non-negative integer ǫ such that
lengthRR = p
ǫ.
(2) For the non-negative integer ǫ as in (1), ǫ = 0 if and only if X
is geometrically reduced over k.
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Proof. Replacing X by a suitable open subset of X , we may assume
that X is normal. Let us prove (1) by induction on lengthRR. If
lengthRR = 1, then there is nothing to show. Assume that lengthRR >
1. Then R is not a field. In particular, X is not geometrically reduced
over k. It follows from Theorem 3.11 that there exists a purely insep-
arable field extension k ⊂ l such that
• X ×k l is an integral scheme,
• k′ := k1/p is equal to the algebraic closure of l in K(X ×k l),
• l ( k′, and
• (k ⊂ l ⊂ k′, ϕ : X ′ → X) is an elemental extension for X ′ :=
(X ×k l)
N and the induced morphism ϕ.
By Proposition 7.2, we have
lengthRR = [k
′ : l]lengthR′ R
′,
where R′ denotes the local ring of X ′ ×k′ k
′1/p∞ at the generic point.
By the induction hypothesis, we obtain lengthR′ R
′ = pǫ
′
for some non-
negative integer ǫ′. Since l ⊂ k′ is a finite purely inseparable extension
(Lemma 3.5(2)), (1) holds.
Let us show (2). If X is geometrically reduced over k, then R is a
field. Hence we have that ǫ = 0. Conversely, if ǫ = 0, then R is a field.
Then it follows from Lemma 2.11 that X is geometrically reduced over
k. Thus, (2) holds. 
Definition 7.4. Let k be a field of characteristic p > 0 and let X be
a variety such that k is algebraically closed in K(X). Set R to be the
local ring of X ×k k
1/p∞ at the generic point. We define ǫ(X/k) as the
non-negative integer such that
lengthRR = p
ǫ(X/k),
whose existence is guaranteed by Theorem 7.3(1). We call ǫ(X/k) the
thickening exponent of X/k.
Remark 7.5. We use notation as in Definition 7.4. By Theorem 7.3(2),
the following are equivalent.
(1) X is geometrically reduced over k.
(2) ǫ(X/k) = 0.
7.2. Base changes. In this subsection, we study behaviour of ǫ(X/k)
under base changes.
Proposition 7.6. Let k be a field of characteristic p > 0 and let X
be a variety over k such that k is algebraically closed in K(X). For a
field extension k ⊂ k′, assume that X ×k k
′ is a variety over k′ and
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k′ is algebraically closed in K(X ×k k
′). Then it holds that ǫ(X/k) =
ǫ(X ×k k
′/k′).
Proof. Set R := K(X)⊗k k
1/p∞ and R′ := K(X ×k k
′)⊗k′ k
′1/p∞ . Take
a composition sequence of R-submodules:
R =: M0 ⊃M1 ⊃ · · · ⊃Mpǫ(X/k) = 0.
It holds that Mi/Mi+1 ≃ Rred for any i.
We now apply the base change (−) ⊗k1/p∞ k
′1/p∞ to the above se-
quence. Note that we have
R⊗k1/p∞ k
′1/p∞ = (K(X)⊗k k
1/p∞)⊗k1/p∞ k
′1/p∞ = K(X)⊗k k
′1/p∞
= (K(X)⊗k k
′)⊗k′ k
′1/p∞ = K(X ×k k
′)⊗k′ k
′1/p∞ = R′.
Therefore, for M ′i := Mi ⊗k1/p∞ k
′1/p∞ , we obtain a sequence of R′-
submodules
R′ =: M ′0 ⊃M
′
1 ⊃ · · · ⊃M
′
pǫ(X/k) = 0
such that M ′i/M
′
i+1 ≃ Rred ⊗k1/p∞ k
′1/p∞ .
It is enough to show that Rred ⊗k1/p∞ k
′1/p∞ ≃ R′red. Applying
(−) ⊗k1/p∞ k
′1/p∞ to the surjective ring homomorphism π : R → Rred,
we obtain a surjective ring homomorphism
R′ → Rred ⊗k1/p∞ k
′1/p∞ .
Since k1/p
∞
is a perfect field, Rred ⊗k1/p∞ k
′1/p∞ is reduced (cf. Lemma
2.6(2)). Since R′ is a local artinian ring, we have that Rred ⊗k1/p∞
k′1/p
∞
≃ R′red. 
Proposition 7.7. Let k be a field of characteristic p > 0 and let X
be a variety over k such that k is algebraically closed in K(X). Let
k ⊂ k′ be a (not necessarily algebraic) separable field extension. Set
X ′ := X ×k k
′. Then it holds that ǫ(X/k) = ǫ(X ′/k′).
Proof. The assertion follows from Proposition 7.6. 
Proposition 7.8. Let k be a field of characteristic p > 0 and let X be
a variety over k such that k is algebraically closed in K(X). Let k ⊂ l
be a purely inseparable field extension. Set X ′ := (X ×k l)
N
red and let k
′
be the algebraic closure of l in K(X ′). Then the following hold.
(1) If X ×k l is reduced, then it holds that
ǫ(X/k) = ǫ(X ′/k′) + logp[k
′ : l].
(2) ǫ(X/k) ≥ ǫ(X ′/k′).
(3) The following are equivalent.
(a) ǫ(X/k) = ǫ(X ′/k′)
(b) X ×k l is reduced and l = k
′.
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Proof. The assertion (1) follows from Proposition 7.2. The assertion
(2) holds by (1), Theorem 3.13, and Proposition 7.6. Let us show (3).
It follows from (1) that (b) implies (a). By (1) and Theorem 3.13, (a)
implies (b). 
Proposition 7.9. Let k be a field of characteristic p > 0 and let X be
a variety over k such that k is algebraically closed in K(X). Let k ⊂ l
be a field extension and set X ′ := (X×k l)
N
red and let k
′ be the algebraic
closure of l in K(X ′). Then ǫ(X/k) ≥ ǫ(X ′/k′).
Proof. The assertion follows from Proposition 7.7 and Proposition 7.8.

7.3. Behaviour under morphisms. In this subsection, we study be-
haviour of ǫ(X/k) under morphisms.
Proposition 7.10. Let k be a field of characteristic p > 0. Let X
be a variety over k such that k is algebraically closed in K(X). Let
X ′ be a variety over k which is birational to X. Then it holds that
ǫ(X/k) = ǫ(X ′/k).
Proof. The assertion follows from Definition 7.4. 
Proposition 7.11. Let k be a field of characteristic p > 0 and let
f : X → Y be a smooth k-morphism of k-varieties such that k is
algebraically closed in K(Y ). Let kX be the algebraic closure of k in
K(X). Then it holds that ǫ(X/kX) = ǫ(Y/k).
Proof. By Proposition 7.10, we may assume that f is surjective.
Let us prove the assertion by induction on ǫ(Y/k). If ǫ(Y/k) = 0,
then Y is geometrically reduced over k (Remark 7.5). Since f : X →
Y is smooth, X is geometrically reduced over k. As k ⊂ kX is a
finite separable extension (Proposition 2.5), X is geometrically reduced
over kX . Hence Remark 7.5 implies that ǫ(X/k) = 0. Therefore, the
assertion holds for the case when ǫ(Y/k) = 0.
Assume ǫ(Y/k) > 0. By Proposition 7.10, we may assume that X
and Y are regular. Remark 7.5 implies that Y is not geometrically
reduced. It follows from Theorem 3.11(1) that there is an elemental
extension (k ⊂ l ⊂ k1/p, ψ : Y ′ → Y ) for X ′ := (Y ×k k
1/p)Nred and
the induced morphism ψ. Moreover, Theorem 3.11(2) implies that
[k1/p : l] > 1. By Proposition 3.21, if lX := l⊗k kX and X
′ := Y ′×Y X ,
then (kX ⊂ lX ⊂ k
′
X , ϕ : X
′ → X) is an elemental extension, where
k′X denotes the algebraic closure of lX in X
′ and ϕ is the induced
morphism. We have that
k
1/p
X ⊃ k
′
X ⊃ kX ⊗k k
1/p = k
1/p
X ,
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where the first inequality holds by Lemma 3.5(1), the second one fol-
lows from the fact that kX ⊗k k
1/p is a field, and the last equality
holds, because k ⊂ kX is a finite separable extension (Proposition 2.5).
Therefore, (kX ⊂ lX ⊂ k
1/p
X , ϕ : X
′ → X) is an elemental extension
and we have [k1/p : l] = [k
1/p
X : lX ]. It follows from Proposition 7.8 that
• ǫ(X/kX) = ǫ((X ×kX lX)
N/k
1/p
X ) + logp[k
1/p
X : lX ] and
• ǫ(Y/k) = ǫ((Y ×k l)
N/k1/p) + logp[k
1/p : l].
The induction hypothesis implies that
ǫ((X ×kX lX)
N/k
1/p
X ) = ǫ((Y ×k l)
N/k1/p).
By [k1/p : l] = [k
1/p
X : lX ], we obtain ǫ(X/kX) = ǫ(Y/k). 
8. Relation between invariants
We have introduced four invariants γ(X/k), ℓF (X/k), mF (X/k), and
ǫ(X/k). In [Sch10], Schro¨er studied another invariant, called geometric
generic embedding dimension. In this section, we summarise relations
between these five invariants. We first recall geometric generic embed-
ding dimensions by Schro¨er (Subsection 8.1). We then compare invari-
ants related to geometric non-reducedness (Subsection 8.2). In Subsec-
tion 8.3, we compare invariants related to geometric non-normality. In
Subsection 8.4, we summarise relations we have established.
8.1. Geometric generic embedding dimension. In this subsec-
tion, we recall definition and some properties of geometric generic em-
bedding dimension introduced by Schro¨er.
Definition 8.1. Let k be a field of characteristic p > 0 and let X be a
variety over k. We set gedim(X/k) to be the embedding dimension of
K(X)⊗k k
1/p∞ . We call gedim(X/k) the geometric generic embedding
dimension of X/k.
Remark 8.2. The geometric generic embedding dimension is intro-
duced by Schro¨er in [Sch10, immediately before Theorem 2.3], although
he does not use the notation gedim(X/k). We here summarise some
results established there.
(1) gedim(X/k) = edim(K(X) ⊗k k
1/p∞) = edim(K(X) ⊗k k
1/p)
([Sch10, Proposiiton 2.1]), where edim(R) denotes the embed-
ding dimension of a local ring R.
(2) If X is not geometrically reduced over k, then it holds that
gedim(X/k) < logp[k : k
p],
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where logp[k : k
p] is called the degree of imperfection of k
([Sch10, Theorem 2.3]).
8.2. Geometric non-reducedness.
8.2.1. ǫ(X/k) vs gedim(X/k).
Proposition 8.3. Let k be a field of characteristic p > 0 and let X be
a variety over k such that k is algebraically closed in K(X). Then the
following hold.
(1) gedim(X/k) + 1 ≤ pǫ(X/k).
(2) The equation gedim(X/k) + 1 = pǫ(X/k) holds if and only if
m
2 = 0, where m denotes the maximal ideal of K(X)⊗k k
1/p∞ .
Proof. Set R := K(X) ⊗k k
1/p∞ . Note that R is an artinian local
k1/p
∞
-algebra. Let F be a coefficient field of R, i.e. F is a subring
of R such that the natural composite ring homomorphism F → R →
R/m is an isomorphism. The existence of such F is guaranteed by
[Mat89, Theorem 6.4]. We have that
• gedim(X/k) = dimF (m/m
2) (Remark 8.2(1)) and
• pǫ(X/k) = lengthRR = dimF R (Lemma 7.1, Definition 7.4).
Therefore, it holds that
gedim(X/k) + 1 = dimF (m/m
2) + 1 ≤ dimF m+ 1 = dimF R = p
ǫ(X/k).
Therefore, (1) and (2) hold. 
8.2.2. ǫ(X/k) vs mF (X/k).
Proposition 8.4. Let k be a field of characteristic p > 0 such that
1 < [k : kp] <∞. Let X be a variety over k such that k is algebraically
closed in K(X). Then it holds that
ǫ(X/k) ≤ ǫ((X ×k k
1/p)red/k
1/p) + logp[k : k
p]− 1.
Proof. Recall that ǫ(X/k) = 0 if and only if X is geometrically reduced
over k (Remark 7.5). Thus, if X is geometrically reduced over k, then
we obtain ǫ(X/k) = 0 and we are done.
We now handle the case when X is not geometrically reduced over
k. It follows from Theorem 3.11(1) that there is an intermediate field
k ⊂ l ⊂ k1/p such that X ×k l is an integral scheme and the algebraic
closure of k in K(X ×k l) coincides with k
1/p. Then it holds that
K(X×k l) = K((X×kk
1/p)red), i.e. X×k l is birational to (X×kk
1/p)red
(Proposition 2.3). We have that
ǫ(X/k) = ǫ((X ×k l)
N/k1/p) + logp[k
1/p : l]
= ǫ((X ×k k
1/p)red/k
1/p) + logp[k
1/p : l],
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where the first equality holds by Proposition 7.8(1) and the second one
follows from Proposition 7.10. The assertion follows from [k1/p : l] <
[k1/p : k] = [k : kp], where the inequality holds by [k : kp] 6= 1, 
Theorem 8.5. Let k be a field of characteristic p > 0 such that [k :
kp] < ∞. Let X be a variety over k such that k is algebraically closed
in K(X). Then it holds that
ǫ(X/k) ≤ mF (X/k)(logp[k : k
p]− 1).
Proof. If X is geometrically reduced, then it holds that ǫ(X/k) =
mF (X/k) = 0 (Remark 6.3, Remark 7.5).
From now on, we treat the case when X is not geometrically reduced.
In particular, [k : kp] > 1. For any n ∈ Z≥0, we set Xn := (X ×k
k1/p
n
)Nred. For any positive integer n, it follows from Proposition 8.4
that
ǫ(Xn−1/k
1/pn−1) ≤ ǫ(Xn/k
1/pn) + (logp[k : k
p]− 1).
Set m := mF (X/k). Since Xm is geometrically reduced over k
1/pm
(Definition 6.1), we have ǫ(Xm/k
1/pm) = 0 (Remark 7.5). By induction,
we have that
ǫ(X/k) = ǫ(X0/k) ≤ ǫ(Xm/k
1/pm) +m(logp[k : k
p]− 1)
= mF (X/k)(logp[k : k
p]− 1),
as desired. 
8.2.3. Characterisation of geometric reducedness.
Proposition 8.6. Let k be a field of characteristic p > 0. Let X be a
variety over k such that k is algebraically closed in K(X). Then the
following are equivalent.
(1) X is geometrically reduced over k.
(2) gedim(X/k) = 0.
(3) ǫ(X/k) = 0.
(4) mF (X/k) = 0.
Proof. By Definition 8.1, (1) and (2) are equivalent. By Remark 6.3
and Remark 7.5, (1), (3), and (4) are equivalent. 
8.3. Geometric non-normality.
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8.3.1. γ(X/k) vs ℓF (X/k).
Proposition 8.7. Let k be a field of characteristic p > 0. Let X be
a normal variety over k such that k is algebraically closed in K(X).
Then it holds that γ(X/k) ≥ ℓF (X/k).
Proof. The assertion follows from definitions of γ(X/k) (Definition 4.1)
and ℓF (X/k) (Definition 5.1). 
Proposition 8.8. Let k be a field of characteristic p > 0 such that [k :
kp] = p. Let X be a normal variety over k such that k is algebraically
closed in K(X). Then it holds that γ(X/k) = ℓF (X/k).
Proof. The assertion follows from the fact that k1/p is the unique purely
inseparable extension of k of degree p. 
8.3.2. Characterisation of geometric normality.
Proposition 8.9. Let k be a field of characteristic p > 0. Let X be
a normal variety over k such that k is algebraically closed in K(X).
Then the following are equivalent.
(1) X is geometrically normal over k.
(2) γ(X/k) = 0.
(3) ℓF (X/k) = 0.
Proof. The assertion follows from Proposition 4.2 and Remark 5.3. 
8.4. Summary of relations. In this subsection, we summarise the
relations between the invariants. Let k be a field of characteristic p > 0.
Let X be a variety over k such that k is algebraically closed in K(X).
Then the following hold.
(1) gedim(X/k) + 1 ≤ pǫ(X/k) (Proposition 8.3(1)).
(2) If [k : kp] <∞, then the following holds (Theorem 8.5):
ǫ(X/k) ≤ mF (X/k)(logp[k : k
p]− 1).
(3) If X is normal, then mF (X/k) ≤ ℓF (X/k) ≤ γ(X/k) (Remark
6.5, Proposition 8.7).
9. Examples
In this section, we compute our invariants for some explicit exam-
ples. In Subsection 9.1, we introduce complete intersections obtained
by Fermat-like hypersurfaces. We then consider curves of genus zero
(Subsection 9.2) and genus one (Subsection 9.3).
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9.1. q-Fermat complete intersections. On study of fibrations in
positive characteristic, a typical example is as follows:
V := {s0x
2
0 + s1x
2
1 + s2x
2
2 = 0} ⊂ P
2
x × A
3
s,
where P2x := P
2
F and A
3
s := A
3
F denote the projective plane and the three-
dimensional affine space over an algebraically closed field F of charac-
terstic two whose coordinates are x := (x0, x1, x2) and s := (s0, s1, s2),
respectively. This is a variant of wild conic bundles, i.e. if the affine
coordinate s is replaced by a homogeneous coordinate, then it be-
comes a wild conic bundle (cf. [MS03]). Since V is smooth over F,
its generic fibre X := Proj k[x0, x1, x2]/(s0x
2
0 + s1x
2
1 + s2x
2
2) is regular,
where k := F(s0, s1, s2). On the other hand, X is not geometrically
reduced over k. More generally, for an algebraically closed field F of
characteristic p > 0 and the rational function field k := F(s0, ..., sN)
over F of degree N + 1,
Proj k[x0, ..., xN ]/(s0x
p
0 + · · ·+ sNx
p
N )
is a regular projective variety over k which is not geometrically reduced.
In [Sch10, Section 3], such varieties are called p-Fermat hypersurfaces.
In this subsection, we study slightly generalised examples: q-Fermat
complete intersections. One of the main results is Theorem 9.7, which
assures that if r is a positive integer, then there exists an example
(k,X) with ℓF (X/k) = mF (X/k) = 1 and γ(X/k) = ǫ(X/k) = r.
Definition 9.1. Let k be a field of characteristic p > 0. Fix a non-
negative integer e and set q := pe. Let r and N be integers such that
0 < r < N . Assume that we have a subset S := {sij | 1 ≤ i ≤ r, 0 ≤
j ≤ N} ⊂ k such that
[kp(S) : kp] = p|S| = pr(N+1),
where kp(S) denotes the minimum subfield of k that contains kp ∪ S.
We set
f1 := s10x
q
0 + · · ·+ s1Nx
q
N
f2 := s20x
q
0 + · · ·+ s2Nx
q
N
· · ·
fr := sr0x
q
0 + · · ·+ srNx
q
N
and
X := Proj k[x0, ..., xN ]/(f1, ..., fr).
Then X is called a q-Fermat complete intersection (in PNk of codimen-
sion r).
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Remark 9.2. For convenience, we call PNk a q-Fermat complete inter-
section (in PNk ) of codimension zero, which is corresponding to the case
when r = 0. This notion is useful when we apply induction on r.
Remark 9.3. We use the same notation as in Definition 9.1. Set
k0 := Fp(S) and
X0 := Proj k0[x0, ..., xN ]/(f1, ..., fr).
The condition [kp(S) : kp] = p|S| implies that [kp0(S) : k
p
0] = p
|S|. This
implies that tr.degFp k0 = |S|. Since X0 ×k0 k = X , some problems are
reduced to the case when k = k0.
Lemma 9.4. We use the same notation as in Definition 9.1. Then
the following hold.
(1) dimX = N − r.
(2) X is a regular integral scheme.
(3) For any integer d with 0 ≤ d ≤ e, (X ×k k
1/pd)red is k
1/pd-
isomorphic to a pe−d-Fermat complete intersection in PN
k1/pd
of
codimension r.
(4) (X ×k k
1/q)red ≃ P
N−r
k1/q
.
(5) H0(X,OX) = k.
(6) For any i, D+(x0) ∩ · · · ∩ D+(xN ) 6= ∅, where D+(xi) denotes
the open subset of X that is equal to the non-vanishing locus of
xi (cf. [Har77, Ch. II, Proposition 2.5]).
Proof. Let us show (1). Consider the coefficient matrix: f1...
fr
 = A
 xq0...
xqr
 , A :=
 s10 · · · s1N... . . . ...
sr0 · · · srN
 .
It is enough to prove that rankA = r (indeed, applying elementary row
operations, A becomes a matrix in reduced row echelon form). It suf-
fices to prove this equation as a matrix over k0 := Fp(S) = Fp({sij}i,j).
This follows from the fact that tr.degFpk0 = |S| (Remark 9.3). Thus,
(1) holds.
Let us show (2). By (1), X is a complete intersection in PNk . In
particular, X is connected. Hence, it suffices to show that X is regular.
By symmetry, it is enough to prove that the affine open subset
D+(x0) ≃ Spec k[x1, ..., xn]/(f
′
1, ..., f
′
r)
of X is regular, where
f ′i := si0 + si1x
p
1 + · · ·+ siNx
p
N .
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By [Mat89, Theorem 26.5] and [kp(S) : kp] = p|S|, there is an Fp-
derivation
∂sij : k[x1, ..., xN ]→ k[x1, .., xN ]
such that ∂sij (sij) = 1, ∂sij (xℓ) = 0, ∂sij (si′j′) = 0 for any ℓ and (i
′, j′) 6=
(i, j). We now apply Jacobian criterion [Gro64, Proposition 22.6.7(iii)]
to D+(x0). Consider the following minor of the Jacobian matrix:
J :=

∂s10f1 ∂s20f1 · · · ∂sr0fr
∂s10f2 ∂s20f2 · · · ∂sr0f2
...
...
. . .
...
∂s10fr ∂s20fr · · · ∂sr0fr
 =

1 0 · · · 0
0 1 · · · 0
...
...
. . .
...
0 0 · · · 1

Since rankJ = r, the Jacobian criterion implies that D+(x0) is regular.
Thus, (2) holds.
Let us show (3). For
gi := s
1/pd
i0 x
pe−d
0 + · · ·+ s
1/pd
iN x
pe−d
N ,
we set
Y := Proj k1/p
d
[x0, ..., xN ]/(g1, ..., gr).
For S1/p
d
:= {s1/p
d
| s ∈ S}, we obtain
[(k1/p
d
)p(S1/p
d
) : (k1/p
d
)p] = [kp(S) : kp] = p|S|.
Therefore, Y is a pe−d-Fermat complete intersection in PN
k1/pd
of codi-
mension r. By (2), Y is reduced, hence it holds that (X×kk
1/pd)red ≃ Y .
Thus (3) holds. The assertion (4) follows from (1) and (3).
Let us show (5). Let Z be a complete intersection in PNk of codi-
mension c ≤ N − 1. By induction on codimension c, we can check
that H0(Z,OZ) = k and H
i(Z,OZ(m)) = 0 for any m ∈ Z and
0 < i < N − c. Since dimX = N − r ≥ 1, we are done.
Let us show (6). Since X 6= ∅, there exists j such that X ∩D+(xj) 6=
∅. By symmetry, we have X ∩ D+(xi) 6= ∅ for any i. Since X is
irreducible by (2), the assertion (6) holds. 
Proposition 9.5. We use the same notation as in Definition 9.1. As-
sume e > 0. Set
• l := k(s
1/q
11 , ..., s
1/q
1N ), and
• k′ := k(s
1/q
10 , s
1/q
11 , ..., s
1/q
1N ).
Then the following hold.
(1) There is an l-linear ring isomorphism
σ : l[x0, ..., xN ]→ l[y0, ..., yN ]
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preserving degrees, t10 ∈ l, and T := {tij | 2 ≤ i ≤ r, 1 ≤ j ≤
N} ⊂ l such that if
σ˜ : Proj l[y0, ..., yN ]→ Proj l[x0, ..., xN ]
is the l-isomorphism induced by σ and we define g1, ..., gr by the
following equations
g1 := t10y
q
0 + y
q
1
g2 := t21y
q
1 + · · ·+ t2Ny
q
N
· · ·
gr := tr1y
q
1 + · · ·+ trNy
q
N ,
(9.5.1)
then
(a) σ(x0) = y0, σ(xN) = yN ,
(b) σ((f1, ..., fr)) = (g1, ..., gr), and
(c) [lp({t10} ∪ T ) : l
p] = p|T |+1.
(2) For R := l[y0, ..., yN ]/(g1, ..., gr), R is an integral domain and
X ×k l is l-isomorphic to ProjR. In particular, X ×k l is an
integral scheme.
(3) X ×k l is not normal.
(4) For the normalisationX ′ → X×kl ofX×kl, X
′ is k′-isomorphic
to a q-Fermat complete intersection in PN−1k′ of codimension
r − 1.
Proof. Let us show (1). We define an l-algebra homomorphism σ by
τ : l[y0, ..., yN ]→ l[x0, ..., xN ]
yi 7→ xi if 0 ≤ i ≤ N and i 6= 1
y1 7→ x1 + s
−1/q
11 s
1/q
12 x2 · · ·+ s
−1/q
11 s
1/q
1N xN .
(9.5.2)
Then τ an l-algebra isomorphism preserving degrees, hence σ := τ−1
is an l-algebra isomorphism preserving degrees. It holds that (9.5.2)
implies (a). We define tij as follows.
(i) t10 := s
−1
11 s10.
(ii) ti1 := si1 − si0t
−1
10 for any integer i such that 2 ≤ i ≤ r.
(iii) tij := sij−si1s
−1
11 s1j for any integers i, j such that 2 ≤ i ≤ r, 2 ≤
j ≤ N .
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For g1, ..., gr defined as in (9.5.1), we now show σ((f1, ..., fr)) = (g1, ..., gr).
We have
σ
(
s−111 f1
)
= σ
(
s−111 (s10x
q
0 + s11x
q
1 + s12x
q
2 + · · ·+ s1Nx
q
N )
)
= σ
(
s−111 s10x
q
0 + x
q
1 + s
−1
11 s12x
q
2 · · ·+ s
−1
11 s1Nx
q
N
)
= σ
(
s−111 s10x
q
0 + (x1 + s
−1/q
11 s
1/q
12 x2 · · ·+ s
−1/q
11 s
1/q
1N xN )
q
)
= t10y
q
0 + y
q
1
= g1.
For any integer i such that 2 ≤ i ≤ r, it holds that
σ (fi)
= σ (si0x
q
0 + si1x
q
1 + si2x
q
2 + · · ·+ siNx
q
N )
= σ
(
si0x
q
0 + si1(τ(y1)− s
−1/q
11 s
1/q
12 x2 − · · · − s
−1/q
11 s
1/q
1N xN )
q + si2x
q
2 + · · ·+ siNx
q
N
)
= σ
(
si0x
q
0 + si1(τ(y1)
q − s−111 s12x
q
2 − · · · − s
−1
11 s1Nx
q
N ) + si2x
q
2 + · · ·+ siNx
p
N
)
= σ
(
si0x
q
0 + si1τ(y1)
q + (si2 − si1s
−1
11 s12)x
q
2 + · · ·+ (siN − si1s
−1
11 s1N)x
q
N
)
= si0y
q
0 + (ti1 + si0t
−1
10 )y
q
1 + ti2y
q
2 + · · ·+ tiNy
q
N
= si0t
−1
10 g1 + gi.
Therefore, it holds that σ((f1, ..., fr)) = (g1, ..., gr). Thus (b) holds.
In order to complete the proof of (1), it is enough to prove (c), i.e.
[lp({t10} ∪ T ) : l
p] = p|T |+1. It is clear that [lp({t10} ∪ T ) : l
p] ≤
p|T |+1. Thus it suffices to show [lp({t10} ∪ T ) : l
p] ≥ p|T |+1. Set S ′ :=
{s11, ..., s1N} and S
′′ := {s20, ..., sr0}. We have that l
p = kp(S ′).
We now show that
(9.5.3) κ1 := k
p(S ′ ∪ S ′′ ∪ {t10} ∪ T ) = k
p(S) =: κ2.
The inclusion κ1 ⊂ κ2 is obvious. Let us show κ1 ⊃ κ2. By t10 = s
−1
11 s10,
t10 ∈ κ1, and s11 ∈ S
′ ⊂ κ1, we obtain s10 ∈ κ1. For any integers i, j
such that 2 ≤ i ≤ r and 2 ≤ j ≤ N , it follows from (ii), (iii), and
S ′ ∪S ′′ that si1, sij ∈ κ1. Therefore, we obtain κ ⊂ κ2. This completes
the proof of (9.5.3).
It holds that
p|S| = [kp(S) : kp] = [kp(S) : kp(S ′ ∪ S ′′)][kp(S ′ ∪ S ′′) : kp]
≤ [lp({t10} ∪ T ) : l
p][kp(S ′ ∪ S ′′) : kp] ≤ [lp({t10} ∪ T ) : l
p] · p|S
′∪S′′|,
where the first inequality follows from kp(S ′ ∪ S ′′) ⊃ kp(S ′) = lp and
kp(S) = (kp(S ′∪S ′′))({t10}∪T ). Therefore, in order to prove [l
p({t10}∪
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T ) : lp] ≥ p|T |+1, it is sufficient to show that |S| − |S ′ ∪ S ′′| = |T |+ 1.
This equation holds by the following computation:
r(N + 1) = |S| = |S ′ ∪ S ′′ ∪ {t10} ∪ T | ≤ |S
′ ∪ S ′′|+ |{t10}|+ |T |
≤ (N + (r − 1)) + 1 +N(r − 1) = r(N + 1).
Thus, (1) holds.
Let us show (2). By (1), X×k l is l-isomorphic to ProjR. Then it fol-
lows from Lemma 9.4(2) that ProjR is irreducible. By [Gro61, Propo-
sition 3.1.14(ii)], it is enough to show that R and ProjR are reduced.
Both the proofs are the same, hence we only show that R is reduced.
Since SpecR is a complete intersection in AN+1k , R is Cohen–Macaulay.
Therefore, it is enough to prove that R is regular in codimension zero,
i.e. to find a regular point of SpecR. Consider the following minor of
a Jacobian matrix:
∂t10g1 ∂t2N g1 · · · ∂trNg1
∂t10g2 ∂t2N g2 · · · ∂trNg2
...
...
. . .
...
∂t10gr ∂t2N gr · · · ∂trN gr
 =

yq0 0 · · · 0
0 yqN · · · 0
...
...
. . .
...
0 0 · · · yqN
 .
By (a) of (1) and Lemma 9.4(6), there exists a regular point of SpecR.
Thus, (2) holds.
Let us show (3). Assuming that X ×k l is normal, let us derive a
contradiction. If l0 := Fp({t10} ∪ T ) and Y0 := l0[y0, ..., yN ]/(g1, ..., gr),
then we have X ×k l ≃ Y0 ×l0 l. The usual Jacobian criterion shows
that the hyperplane section H := {y0 = 0} on Y0 is contained in the
non-regular locus of Y0. Since dimH ≥ dim Y0 − 1, Y0 is not normal.
Then the faithfully flat descent for normality implies that X×k l is not
normal. Thus, (3) holds.
Let us show (4). We have
R = l[y0, ..., yN ]/(t10y
q
0 + y
q
1, g2, ..., gr).
We set
R′ := k′[y1, ..., yN ]/(g2, ..., gr) = l(t
1/q
10 )[y1, ..., yN ]/(g2, ..., gr).
We consider an l-algebra homomorphism of graded l-algebras preserv-
ing degrees:
ϕ : R → R′
y0 7→ −t
−1/q
10 y1
yi 7→ yi if 1 ≤ i ≤ r.
Note that X ′ := ProjR′ is a q-Fermat complete intersection in PN−1k′ of
codimension r − 1. By Lemma 9.4(2), ProjR′ is normal. It holds that
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R′ is a finitely generated R-module. Since R′ is an integral domain and
dimR = dimR′, ϕ is injective. Then, by the construction, ϕ induces
a finite birational morphism ProjR′ → ProjR. Therefore, ϕ is the
normalisation of X ×k l. Thus, (4) holds. 
Corollary 9.6. Let k be a field of characteristic p > 0. Fix a positive
integer e and set q := pe. Let r and N be integers such that 0 < r < N .
Let X be a q-Fermat complete intersection in PNk of codimension r.
Then there exists an elemental extension (k ⊂ l ⊂ k′, ϕ : X ′ → X) of
(k,X) such that
(1) [k′ : l] = q, [l : k] = qN ,
(2) X ×k l is not normal, and
(3) X ′ is k′-isomorphic to a q-Fermat complete intersection in PN−1k′
of codimension r − 1 (note that if r = 1, this assertion means
that X ′ is k′-isomorphic to PN−1k′ ).
Proof. The assertion follows from Proposition 9.5. 
Theorem 9.7. Let k be a field of characteristic p > 0. Fix a positive
integer e and set q := pe. Let r and N be integers such that 0 ≤ r < N .
Let X be a q-Fermat complete intersection in PNk of codimension r.
Then the following hold.
(1) If r > 0, then ℓF (X/k) = mF (X/k) = e.
(2) ǫ(X/k) = er and γ(X/k) ≥ r.
(3) If e = 1, then γ(X/k) = r.
Proof. The assertion (1) follows from Lemma 9.4(2)(3). We prove (2)
by induction on r. If r = 0, then we have X ≃ PN−rk (Remark 9.2),
hence the assertion follows from Proposition 8.6 and Proposition 8.9.
Thus, we may assume that r > 0. Applying Corollary 9.6, there exists
an elemental extension (k ⊂ l ⊂ k′, ϕ : X ′ → X) of (k,X) such that
[k′ : l] = q and X ′ is k′-isomorphic to a q-Fermat complete intersection
in PN−1k′ of codimension r − 1. By the induction hypothesis, it holds
that ǫ(X ′/k′) = e(r − 1) and γ(X ′/k′) ≥ r − 1. Then Proposition 7.8
implies ǫ(X/k) = ǫ(X ′/k′) + logp[k
′ : l] = er. By Definition 4.1, we
have γ(X/k) ≥ γ(X ′/k′) + 1 = r. Thus, (2) holds.
Let us show (3). By (2), it is enough to show that γ(X/k) ≤ r. Set
Y := (X ×k k
1/p∞)red. It holds that
Y = Proj k1/p
∞
[x0, ..., xN ]/(f
′
1, ..., f
′
r) ≃ P
N−r
k1/p
∞
with fi = f
′p
i . For the induced morphism f : Y → X , we have that
KY + (p− 1)
γ(X/k)∑
i=1
Di ∼ f
∗KX
INVARIANTS OF ALGEBRAIC VARIETIES OVER IMPERFECT FIELDS 61
for some nonzero effective divisors D1, ..., Dγ(X/k) on Y (Theorem 4.4).
Fix H ∈ |OPNk (1)|, HX ∈ |OPNk (1)|X|, and HY ∈ |OPNk1/p
(1)|Y |. We
have HY ∼ f
∗HX . It holds thatKY + (p− 1) γ(X/k)∑
i=1
Di
 ·HN−r−1Y ≥ KY ·HN−r−1Y + (p− 1)γ(X/k)
= −(N − r + 1) + (p− 1)γ(X/k).
Since ǫ(X/k) = r, we have that
f ∗KX ·H
N−r−1
Y =
1
pǫ(X/k)
KX ·H
N−r−1
X
=
1
pr
(KPNk + rpH) · (pH)
r ·HN−r−1
= −(N + 1) + rp,
where the first equality holds by [Kle66, Example 1 in page 299]. To
summarise, it holds that
−(N + 1) + rp = f ∗KX ·H
N−r−1
Y
=
KY + (p− 1) γ(X/k)∑
i=1
Di
 ·HN−r−1Y
≥ −(N − r + 1) + (p− 1)γ(X/k).
Therefore, we get r ≥ γ(X/k), as desired. 
We close this subsection with the following result. This example
shows that the conductor-like effective divisor C that satisfiesKY +C ∼
f ∗KX is not canonically determined.
Proposition 9.8. Let k be a field of characteristic p > 0. Let s, t ∈ k
be elements such that [kp(s, t) : kp] = p2. Set
X := Proj k[x, y, z]/(sxp + typ + zp).
Then the following hold.
(1) X is a regular projective curve over k such that H0(X,OX) = k.
(2) ℓF (X/k) = mF (X/k) = γ(X/k) = ǫ(X/k) = 1.
Furthermore, given finitely many closed points P1, ..., Pn of X, there
exist purely inseparable extensions k ⊂ l ⊂ k′ which satisfy the following
properties.
(3) [k′ : l] = [l : k] = p.
(4) X ×k l is an integral scheme which is not normal.
(5) The normalisation Y of X ×k l is isomorphic to P
1
k′.
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(6) The effective divisor D on Y defined by the conductor of the
normalisation ν : Y → X ×k l can be written by D = (p− 1)Q
for some k′-rational point Q of P1k′ and it holds that
KY + (p− 1)Q ∼ ϕ
∗KX
for the induced morphism ϕ : Y → X.
(7) Q is not contained in ϕ−1({P1, ..., Pn}).
In particular, (k ⊂ l ⊂ k′, ϕ : Y → X) is an elemental extension of
(k,X).
Proof. Let us show (1) and (2). Fix a rational function field k′ := k(u′)
over k of degree one. SetX ′ := X×kk
′ = Proj k′[x, y, z]/(sxp+typ+zp).
For s′ := u′s and t′ := u′t, it holds that
X ′ = Proj k′[x, y, z]/(sxp+typ+zp) ≃ Proj k′[x, y, z]/(s′xp+t′yp+u′zp).
Since [k′p(s′, t′, u′) : k′p] = p3, X ′ is isomorphic to a p-Fermat complete
intersection in P2k′ of codimension one (cf. Definition 9.1). Therefore,
(1) holds by Lemma 9.4(2)(5). It follows from Theorem 9.7 that
ℓF (X
′/k′) = mF (X
′/k′) = γ(X ′/k′) = ǫ(X ′/k′) = 1.
Since γ(X/k) ≥ 1 (Proposition 4.2), we get ℓF (X/k) = mF (X/k) =
γ(X/k) = ǫ(X/k) = 1 (Proposition 4.5, Proposition 5.4, Proposition
6.7, Proposition 7.7). Hence (2) holds.
Fix an arbitrary element a ∈ k and set l := k((s− apt)1/p) (we shall
prove that (3)–(6) hold for any a ∈ k and that if a is sufficiently general,
then also (7) holds). We have
sxp + typ + zp = ((s− apt)1/px)p + aptxp + typ + zp
= ((s− apt)1/px+ z)p + t(ax+ y)p.
For x′ := x, y′ := ax+ y, and z′ := (s− apt)1/px+ z, we have that
X ×k l = Proj l[x, y, z]/(sx
p + typ + zp) ≃ Proj l[x′, y′, z′]/(ty′p + z′p).
Then (3)–(5) hold (cf. the proof of Proposition 9.5). We have
KY + (p− 1)C ∼ ϕ
∗KX
for some nonzero effective divisor C on Y . By computing the de-
grees of the both hand sides (cf. the proof of Theorem 9.7), we obtain
degk1/p C = 1, i.e. C =: Q is a single k
1/p-rational point. Thus, (6)
holds.
Hence it is enough to prove (7). By Jacobian criterion for regularity,
[x′ : y′ : z′] = [1 : 0 : 0] is the unique non-regular closed point of X×k l.
Note that the image [x : y : z] of this point to X satisfies x 6= 0 and
[x : y : z] = [1 : a : (s− apt)1/p].
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Since k is an imperfect field, k is an infinite field. Hence, the set
{[1 : a : (s− apt)1/p] ∈ X ×k k
1/p | a ∈ k}
is an infinite set. Therefore, there exists a ∈ k such that (7) holds. 
9.2. Curves of genus zero. The purpose of this subsection is to de-
termine non-smooth regular curves of genus zero (Theorem 9.10). Al-
though some of the arguments are extracted from the proof of [Tan1,
Lemma 2.12], we include a self-contained proof for the reader’s conve-
nience.
Lemma 9.9. Let k be a field of characteristic p > 0. Take
f = ax2 + by2 + cz2 + αyz + βzx+ γxy ∈ k[x, y, z].
Assume that X := Proj k[x, y, z]/(f) is regular and of dimension one.
Then one of the following holds.
(1) X is smooth over k.
(2) p = 2, α = β = γ = 0, a 6= 0, b 6= 0, c 6= 0, and [k((a/c)1/2, (b/c)1/2) :
k] = 4.
Proof. The scheme X is covered by the following three affine open
subsets:
X1 := Spec k[y, z]/(a+ by
2 + cz2 + αyz + βz + γy)
X2 := Spec k[x, z]/(ax
2 + b+ cz2 + αz + βxz + γx)
X3 := Spec k[x, y]/(ax
2 + by2 + c+ αy + βx+ γxy).
The proof consists of four steps.
Step 1. If p 6= 2, then X is smooth over k.
Proof. (of Step 1) Since p 6= 2, there is an orthogonal basis for any
symmetric bilinear form. Therefore, we obtain
X ≃ Proj k[x, y, z]/(a′x2 + b′y2 + c′z2)
for some a′, b′, c′ ∈ k. If a′ = 0, then it is easy to see that dimX 6= 1
or X is not regular. Hence, we have a′ 6= 0. By symmetry, we obtain
b′ 6= 0 and c′ 6= 0. It follows from the Jacobian criterion for smoothness
that X is smooth over k. This completes the proof of Step 1. 
Step 2. If p = 2 and α 6= 0, then X1 is smooth over k.
Proof. (of Step 2) Passing to the base change to the separable closure,
we may assume that k is separably closed. By p = 2 and α 6= 0, we have
by2+αyz+ cz2 = l1l2 for some l1 := λ1y+µ1z, l2 := λ2y+µ2z ∈ k[y, z]
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such that (l1, l2) = (y, z). The problem is reduced to the case when
b = c = 0. Then the defining equation of X1 satisfies
a+ by2+ cz2+αyz+βz+γy = a+αyz+βz+γy = α(y+ ζ)(z+ ξ)+η
for some ζ, ξ, η ∈ k. Since X is an integral scheme, so is X1, hence
η 6= 0. Then we have X1 ≃ Spec k[y
′, z′]/(y′z′+η′) for some η′ ∈ k\{0}.
Therefore, X1 is smooth over k. This completes the proof of Step 2. 
Step 3. If p = 2 and (α, β, γ) 6= (0, 0, 0), then X is smooth over k.
Proof. (of Step 3) By symmetry, we may assume that α 6= 0. It follows
from Step 2 that X1 is smooth. Again by symmetry, it is enough to
show that X2 is smooth. Applying Step 2 after replacing (X1, α) by
(X2, β), we may assume that β = 0. By p = 2, it follows from the
Jacobian criterion for smoothness that X2 is smooth. This completes
the proof of Step 3. 
Step 4. If p = 2 and α = β = γ = 0, then a 6= 0, b 6= 0, c 6= 0, and
[k((a/c)1/2, (b/c)1/2) : k] = 4.
Proof. (of Step 4) Assume p = 2 and α = β = γ = 0. It is easy to see
that a 6= 0, b 6= 0, c 6= 0. It is enough to show that [k(a′1/2, b′1/2) : k] = 4
for a′ := a/c and b′ := b/c. We have [k(a′1/2, b′1/2) : k] ∈ {1, 2, 4}. Note
that
X ≃ Proj k[x, y, z]/(a′x2 + b′y2 + z2).
If [k(a′1/2, b′1/2) : k] = 1, i.e. a′1/2 ∈ k and b′1/2 ∈ k, then we have that
a′x2 + b′y2 + z2 = (a′1/2x+ b′1/2y + z)2.
In this case, X is not reduced, which contradicts the assumption that
X is regular. Hence we obtain [k(a′1/2, b′1/2) : k] 6= 1.
Suppose that [k(a′1/2, b′1/2) : k] = 2. Let us derive a contradic-
tion. By symmetry, we may assume that a′1/2 6∈ k. This implies that
k(a′1/2) = k(a′1/2, b′1/2). Then we have b′1/2 ∈ k(a′1/2) = k + ka′1/2,
hence we can write b′1/2 = r + sa′1/2 for some r, s ∈ k. In particular,
b′ = r2 + s2a′. Then we obtain
a′x2+b′y2+z2 = a′x2+(r2+s2a′)y2+z2 = a′(x+sy)2+(z+ry)2 = a′x′2+z′2
for x′ := x + sy and z′ := z + ry. Since a′1/2 = z′/x′ ∈ K(X) and X
is normal, we have that a′1/2 ∈ H0(X,OX). This contradicts a
′1/2 6∈ k
and H0(X,OX) = k. This completes the proof of Step 4. 
Step 1, Step 3, and Step 4 complete the proof of Lemma 9.9. 
Theorem 9.10. Let k be a field of characteristic p > 0. Let X be a reg-
ular proper curve over k such that H0(X,OX) = k and H
1(X,OX) = 0.
Then the following hold.
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(1) X is a conic curve in P2k.
(2) degkKX = −2.
(3) X has a k-rational point if and only if X ≃ P1k.
(4) If X is geometrically reduced over k, then X is smooth over k.
(5) If p ≥ 3, then X is smooth over k.
(6) Assume that p = 2 and X is not smooth over k. Then a k-
isomorphism
X ≃ Proj k[x, y, z]/(sx2 + ty2 + z2),
holds for some s, t ∈ k such that [k2(s, t) : k2] = 4. In particu-
lar, the properties in Proposition 9.8 hold.
Proof. By [Kol13, Lemma 10.6(3)], (1) holds. Then (1) implies (2). Let
us show (3). Assume that X has a k-rational point. Then it follows
from Corollary 2.14 that X is geometrically reduced over k. Then
Lemma 9.9 implies that X is smooth over k. Hence, X is a Severi–
Brauer curve, i.e. X×kk ≃ P
1
k
. As X has a k-rational point, Chaˆtelet’s
theorem (cf. [GS06, Theorem 5.1.3]) implies that X ≃ P1k. Therefore,
(3) holds.
The assertion (4) follows from (1) and the fact that geometrically
integral conic is smooth. The remaining assertions (5) and (6) follow
from (1) and Lemma 9.9. 
9.3. Curves of genus one. In this subsection, we study non-smooth
regular curves X of genus one. We first restrict possibilities for in-
variants γ(X/k), ℓF (X/k), and m(X/k) (Proposition 9.11). We then
exhibit several examples (Example 9.14, Example 9.15, Example 9.16).
Proposition 9.11. Let k be a field of characteristic p > 0. Let X be a
regular projective curve over k with H0(X,OX) = k and dimkH
1(X,OX) =
1. Assume that X is not smooth over k. Take κ ∈ {k1/p
∞
, k} and set
Y := (X ×k κ)
N
red. Then the following hold.
(1) There exist nonzero effective Cartier divisors D1, ..., Dγ(X/k) on
Y such that
KY + (p− 1)
γ(X/k)∑
i=1
Di ∼ 0.
(2) It holds that p ≤ 3.
(3) −KY is ample.
(4) If p = 3, then γ(X/k) = ℓF (X/k) = 1, and mF (X/k) ∈ {0, 1}.
(5) Assume p = 2. Then the triple (γ(X/k), ℓF (X/k), mF (X/k))
satisfies one of the possibilities in the following table.
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Table 1. p = 2 case
γ(X/k) ℓF (X/k) mF (X/k)
1 1 0
1 1
2 1 1
2 1
2
Proof. By Subsection 8.4(3), we have
(9.11.1) mF (X/k) ≤ ℓF (X/k) ≤ γ(X/k).
Since X is not geometrically normal, it follows from Proposition 8.9
that
(9.11.2) 1 ≤ ℓF (X/k) ≤ γ(X/k).
The assertion (1) follows from KX ∼ 0 and Theorem 4.4. By
deg
(∑γ(X/k)
i=1 Di
)
≥ 1, (1) implies that −KY is ample and degκKY =
−2. Thus (2) and (3) hold (note that (2) can be proven by [PW, The-
orem 1.1], although they do not write it explicitly). By (1), we have
(9.11.3) (p− 1)
γ(X/k)∑
i=1
degκDi = 2.
Thus, if p = 3, then γ(X/k) = 1. Therefore, (9.11.1) and (9.11.2)
imply (4).
Let us show (5). Assume p = 2. Then (9.11.3) implies that γ(X/k) ≤
2. Moreover, if γ(X/k) = 1, then we obtain ℓF (X/k) = 1 andmF (X/k) ∈
{0, 1} by (9.11.1) and (9.11.2). Thus, the assertion (5) holds for the
case when γ(X/k) = 1. Therefore, we may assume that γ(X/k) = 2.
Again by (9.11.1) and (9.11.2), it is enough to show thatmF (X/k) 6= 0.
Suppose that mF (X/k) = 0, i.e. X is geometrically reduced over k
(Proposition 8.6). Let us derive a contradiction. Take an arbitrary
purely inseparable field extension k ⊂ k′ such that X ×k k
′ is not
normal. Then X ×k k
′ is an integral scheme. For the normalisation
X ′ → X×k k
′ of X×k k
′ and the algebraic closure k′′ of k′ in K(X ′), it
holds that k′ = k′′ (Proposition 7.8). In particular, X ′ is geometrically
integral over k′ (Lemma 2.11). Since −KX′ is ample (Theorem 3.16),
X ′ is smooth over k′ (Theorem 9.10(4)). By Definition 4.1, it holds
that γ(X/k) ≤ 1, which is absurd. Thus, (5) holds. 
Remark 9.12. We use the same notation as in Proposition 9.11. If
p = 3 or (p, γ(X/k)) = (2, 2), then the above argument shows that Y
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has a κ-rational point. In particular, we have Y ≃ P1κ for these cases
(Theorem 9.10(3)).
Corollary 9.13. Let k be a field of characteristic p > 0. Let X be a
projective regular curve over k with H0(X,OX) = k and dimkH
1(X,OX) =
1. If X is geometrically reduced over k and not smooth over k, then
ǫ(X/k) = mF (X/k) = 0 and γ(X/k) = ℓF (X/k) = 1.
Proof. Since X is geometrically reduced over k, we obtain ǫ(X/k) =
mF (X/k) = 0 by Proposition 8.6. Then Proposition 9.11 implies
γ(X/k) = ℓF (X/k) = 1. 
Example 9.14. Let F be an algebraically closed field of characteristic
p ∈ {2, 3}. Let π : S → B be a quasi-elliptic fibration (cf. [BM76],
[Bad01, Section 7]), i.e. π is a projective F-morphism from a smooth
F-surface S to a smooth F-curve such that π∗OS = OB and the generic
fibre X of π is a non-smooth regular projective curve over k := K(B) of
genus one. In this case, X is geometrically integral over k (cf. [Bad01,
Corollary 7.3]). Hence, it follows from Corollary 9.13 that ǫ(X/k) =
mF (X/k) = 0 and γ(X/k) = ℓF (X/k) = 1.
Example 9.15. Let k be a field of characteristic three. Let s, t ∈ k
be elements such that [k3(s, t) : k3] = 9. Then Proposition 9.8 implies
that
X := Proj k[x, y, z]/(sx3 + ty3 + z3)
is a regular projective curveX in P2k of genus one such thatH
0(X,OX) =
k and
ℓF (X/k) = mF (X/k) = ǫ(X/k) = γ(X/k) = 1.
Example 9.16. Let k be a field of characteristic two. Let
S := {s0, s1, s2, s3, t0, t1, t2, t3} ⊂ k
be a subset such that [k2(S) : k2] = 2|S| = 256. Then Lemma 9.4 and
Theorem 9.7 imply that
X := Proj
k[x0, x1, x2, x3]
(s0x
2
0 + s1x
2
1 + s2x
2
2 + s3x
2
3, t0x
2
0 + t1x
2
1 + t2x
2
2 + t3x
2
3)
is a regular projective curve X in P3k such that H
0(X,OX) = k,
ℓF (X/k) = mF (X/k) = 1, and ǫ(X/k) = γ(X/k) = 2.
10. Genus change formula
The purpose of this section is to establish a genus change formula
for regular curves (Theorem 10.1). We then deduce some criteria for
geometric reducedness of curves (Corollary 10.2). Recall that if X is
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a regular projective curve over a field k, then the genus gX of X is
defined by
gX :=
dimkH
1(X,OX)
dimkH0(X,OX)
.
In particular, if H0(X,OX) = k, then gX = dimkH
1(X,OX).
Theorem 10.1. Let k be a field of characteristic p > 0 and let X be
a regular projective curve over k with H0(X,OX) = k. Let (k
′, Y ) be
one of (k1/p
∞
, (X ×k k
1/p∞)Nred) and (k, (X ×k k)
N
red). Assume that X is
not smooth over k. Then the following hold.
(1) There exist nonzero effective Cartier divisors D1, ..., Dγ(X/k) on
Y such that the linear equivalence
(10.1.1) KY + (p− 1)
γ(X/k)∑
i=1
Di ∼ f
∗KX
holds.
(2) For nonzero effective Cartier divisors D1, ..., Dγ(X/k) satisfying
(10.1.1), the equation
2gY − 2 + (p− 1)
γ(X/k)∑
i=1
degk′ Di =
2gX − 2
pǫ(X/k)
holds.
Proof. For the separable closure k′ of k and the base change X ′ := X×k
k′, it holds that γ(X ′/k′) ≥ γ(X/k) (Proposition 4.5) and ǫ(X ′/k′) =
ǫ(X/k) (Proposition 7.7). Therefore, it is enough to treat the case
when (k′, Y ) = (k1/p
∞
, (X ×k k
1/p∞)Nred). Then the assertion (1) follows
from Theorem 4.4.
Let us show (2). Taking the degree degk1/p∞ (−) of the both hand
sides of (10.1.1), we obtain
2gY − 2 + (p− 1)
γ(X/k)∑
i=1
degk1/p∞ Di = degk1/p∞ (f
∗KX).
We have the following factorisation of f consisting of the induced mor-
phisms:
f : Y = (X ×k k
1/p∞)Nred
f1
−→ (X ×k k
1/p∞)red
f2
−→ X ×k k
1/p∞ f3−→ X.
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Using this factorisation, the degree degk1/p∞ (f
∗KX) = degk1/p∞ (f
∗ωX)
can be computed as follows:
degk1/p∞ (f
∗ωX) = degk1/p∞ (f
∗
1 f
∗
2 f
∗
3ωX)
= degk1/p∞ (f
∗
2 f
∗
3ωX)
=
1
pǫ(X/k)
degk1/p∞ (f
∗
3ωX)
=
1
pǫ(X/k)
degk(ωX),
where the third equality follows from Definition 7.4 and [Kle66, page
299], and the last equality holds by the flat base change theorem. To
summarise, (2) holds. 
Corollary 10.2. Let k be a field of characteristic p > 0 and let X
be a regular projective curve over k with H0(X,OX) = k. Then the
following hold.
(1) If 2gX − 2 is not divisible by p, then X is geometrically integral
over k.
(2) If X is not geometrically integral over k, then the inequality
gX ≥
(p− 1)(p− 2)
2
.
holds.
Proof. Let us show (1). Assume that 2gX − 2 is not divisible by p.
Theorem 10.1(2) implies that ǫ(X/k) = 0. It follows from Remark 7.5
that X is geometrically reduced over k. Then (1) holds, since X is
geometrically irreducible (Proposition 2.2).
Let us show (2). Assume that X is not geometrically integral over
k. Then X is not geometrically reduced over k (Proposition 2.2). If
gX = 0, then it follows from Theorem 9.10 that p = 2. Then the
assertion is clear. We may assume that gX ≥ 1. Again by Remark 7.5,
we have ǫ(X/k) ≥ 1. It follows from Proposition 4.2 that γ(X/k) ≥ 1.
Therefore, Theorem 10.1(2) implies that
−2 + (p− 1) ≤ 2gY − 2 + (p− 1)
γ(X/k)∑
i=1
degk′Di =
2gX − 2
pǫ(X/k)
≤
2gX − 2
p
.
Hence, we have p(p − 3) ≤ 2gX − 2, which implies gX ≥
(p−1)(p−2)
2
, as
desired. 
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Remark 10.3. The equality in Corollary 10.2(2) is attained by the ex-
amples in Proposition 9.8. Indeed, the inequalities in the proof of Corol-
lary 10.2(2) become equalities when gY = 0 and γ(X/k) = ǫ(X/k) = 1.
11. Boundedness of regular curves
In this section, we discuss boundedness of regular curves over imper-
fect fields. It is not difficult to show the boundedness of regular curves
of genus g 6= 1 (Proposition 11.5, Theorem 11.6). For the case of genus
one, non-smooth regular curves appear only in characteristic two and
three (Proposition 9.11(2)). We prove that such curves are bounded
when we fix a base field k such that [k : kp] < ∞ (Theorem 11.9).
These results will be established in Subsection 11.2. To this end, we
first recall a criterion for very ampleness in Subsection 11.1. In Subsec-
tion 11.3, we also prove that if X is a regular curve of genus one which
is geometrically integral and not smooth, then X is a cubic curve when
p = 3 and X is a complete intersection of two quadric surfaces when
p = 2 (Theorem 11.13).
11.1. Very ampleness. The purpose of this subsection is to estab-
lish a criterion for very ampleness (Theorem 11.4). The strategy is
to use Mumford’s regularity, which is a standard argument at least
for varieties over algebraically closed fields. We only show how to fill
gaps between references and what we need. For details, we refer to
[FGI +05, Section 5.2] or [Laz04, Section 1.8.B].
Definition 11.1. Let k be a field and let X be a projective scheme
over k. Let H be an ample globally generated invertible sheaf on X .
Fix m ∈ Z. A coherent sheaf F on X is m-regular with respect to A if
it holds that
H i(X,F ⊗OX A
m−i) = 0
for any i > 0. If D is a Cartier divisor on X , then D is m-regular with
respect to A if so is the associated invertible sheaf OX(D).
Lemma 11.2. Let k be a field and let X be a projective scheme over
k. Let H be an ample globally generated invertible sheaf on X. For
m ∈ Z, let F be a coherent sheaf F which is m-regular with respect to
A. Then the induced map
H0(X,A)⊗k H
0(X,F ⊗ Am+r)→ H0(F ⊗ Am+r+1)
is surjective for any r ∈ Z≥0.
Proof. Let f : X → Pnk be the projective morphism induced by |H|.
Note that f is a finite morphism, hence we may assume that X = Pnk
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and H = OPnk (1). In this case, the assertion follows from [FGI
+05,
Lemma 5.1(a)]. 
Proposition 11.3. Let k be a field and let X be a projective scheme
over k. Let H be an an ample globally generated invertible sheaf on X.
Let L be an invertible sheaf on X. If L is 0-regular with respect to H,
then L⊗H is very ample over k.
Proof. Taking the base change to the algebraic closure of k, we may
assume that k is algebraically closed. Fix a closed point x ∈ X . It
is enough to show that L ⊗ H ⊗ mx is globally generated, where mX
denotes the coherent ideal sheaf corresponding to x. This follows from
the same argument as in [Wit17, Lemma 3.7]. 
Theorem 11.4. Let X be a regular projective curve of genus g ≥ 1
such that H0(X,OX) = k. Let D be a Cartier divisor on X. Then the
following holds.
(1) If degkD ≥ g, then H
0(X,D) 6= 0.
(2) If degkD ≥ 2g − 1, then OX(2D) is globally generated.
(3) If degkD ≥ 2g − 1, then |5D| is very ample over k.
Proof. The assertion (1) follows from
h0(X,D) ≥ χ(X,D) = degkD + 1− g ≥ 1,
where the equality follows from the Riemann–Roch theorem.
Let us show (2). Since 2g−1 ≥ g, (1) implies H0(X,D) 6= 0. Hence,
we may assume that D is a nonzero effective Cartier divisor. Consider
the induced exact sequence:
0→ OX(−D)→ OX → OD → 0.
We have
(11.4.1) H1(X,OX(D)) = 0
by Serre duality and degkD ≥ 2g − 1. Thus, the induced map
H0(X,OX(2D))→ H
0(D,OX(2D)|D)
is surjective. Therefore, OX(2D) is globally generated. Thus, (2) holds.
Let us show (3). By (2), OX(2D) is globally generated. By Propo-
sition 11.3, it is enough to show that 3D is 0-regular with respect to
OX(2D), which follows from
H1(X,OX(3D)⊗OX OX(−2D)) ≃ H
1(X,OX(D)) = 0,
where the equality holds by (11.4.1). Thus (3) holds. 
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11.2. Boundedness. In this subsection, we establish several results
on boundedness of regular curves. Although the case of genus g 6= 1
might be known for experts, we include the proof for the sake of com-
pleteness. An essentially new result is Theorem 11.9, which establishes
the boundedness of non-smooth regular curves of genus one over a fixed
field k with [k : kp] <∞.
11.2.1. Genus zero. It is well known that regular curves of genus zero
is a conic curve.
Proposition 11.5. Let k be a field. Let X be a regular projective curve
over k such that H0(X,OX) = k and −KX is ample. Then | −KX | is
very ample and it induces a closed immersion Φ|−KX | : X →֒ P
2
k whose
image is a conic curve.
Proof. See [Kol13, Lemma 10.6]. 
11.2.2. Higher genus. For the case when g ≥ 2, it holds that |10KX | is
very ample.
Theorem 11.6. Let X be a regular projective curve of genus gX ≥ 2
such that H0(X,OX) = k. Then the following hold.
(1) OX(4KX) is globally generated.
(2) |10KX | is very ample over k and it induces a closed immersion
to P19g−20k :
Φ|10KX | : X →֒ P
19g−20
k .
Proof. We can apply Theorem 11.4 for D := 2KX , since deg D =
deg (2KX) = 4g − 4 ≥ 2g − 1. Hence, OX(4KX) is globally generated
and |10KX | is very ample over k. Then the remaining assertion follows
from
h0(X, 10KX) = χ(X, 10KX) = degk(10KX) + 1− g = 19(g − 1),
where the first and second equalities hold by Serre duality and the
Riemann–Roch formula, respectively. 
11.2.3. Genus one. We now focus on the case of genus one. The main
result is Theorem 11.9, i.e. we want to show that if the base field k
satisfies [k : kp] <∞, then the boundedness holds for non-smooth reg-
ular k-curves of genus one. To this end, we give a similar boundedness
result in terms of the invariant ǫ(X/k) (Theorem 11.8). We start with
the following result.
Lemma 11.7. Let ζ : Y → Z be a finite bijective morphism of Fp-
schemes, where Y is reduced. Let ℓ be a positive integer and assume
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that the ℓ-th iterated absolute Frobenius morphism F ℓZ factors through
ζ:
F ℓZ : Z
ξ
−→ Y
ζ
−→ Z.
Then we obtain another factorisation F ℓY : Y
ζ
−→ Z
ξ
−→ Y , i.e. ξ◦ζ = F ℓY .
Proof. The problem is local, hence we may assume that Z = SpecA
and Y = SpecB. Our assumption induces the following factorisation
of ring homomorphisms:
F ℓA : A
ϕ
−→ B
ψ
−→ A,
i.e. the equation ψ ◦ ϕ(a) = ap
ℓ
holds for any a ∈ A. Fix b ∈ B. It is
enough to prove that ϕ ◦ ψ(b) = bp
ℓ
. We have
ψ(ϕ ◦ ψ(b)) = ψ ◦ ϕ ◦ ψ(b) = ψ ◦ ϕ(ψ(b)) = ψ(b)p
ℓ
= ψ(bp
ℓ
).
Hence, we obtain ϕ ◦ ψ(b)− bp
ℓ
∈ Ker(ψ). Therefore, it is sufficient to
show that ψ : B → A is injective. This follows from the fact that the
corresponding morphism ξ : Z = SpecA → SpecB = Y is an affine
surjective morphism to a reduced scheme Y . 
Theorem 11.8. Let k be a field of characteristic p > 0. Let X be
a regular projective curve over k with H0(X,OX) = k and gX = 1.
Assume that X is not smooth over k. Then the following hold.
(1) If p = 2, then there exists an ample Cartier divisor D on X
such that degkD ≤ 2
ǫ(X/k)+2.
(2) If p = 2 and X is geometrically reduced over k, then there exists
a Cartier divisor D on X such that degkD = 4.
(3) If p = 3, then there exists an ample Cartier divisor D on X
such that degkD ≤ 3
ǫ(X/k)+1.
(4) If p = 3 and X is geometrically reduced over k, then there exists
a Cartier divisor D on X such that degkD = 3.
Proof. We first reduce the problem to the case when k is a finitely
generated field over Fp. There exists a subfield k0 ⊂ k and a regular
projective curve X0 over k0 such that k0 is finitely generated over Fp
and X0 ×k0 k ≃ X . Note that all the assumptions on (k,X) hold also
for (k0, X0). Furthermore, we have that ǫ(X0/k0) = ǫ(X/k) (Proposi-
tion 7.6), hence the problem is reduced to the case when k is finitely
generated over Fp.
Theorem 3.11 enables us to find an intermediate field k ⊂ l ⊂ k1/p
such that X ×k l is an integral scheme and the algebraic closure of l
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in K(X ×k l) is equal to k
1/p. For the normalisation X ′ of X ×k l, we
have the following commutative diagram:
X
ϕ
←−−− X ′
ψ
←−−− Xy y y
Spec k ←−−− Spec k1/p
≃
←−−− Spec k,
where the horizontal composite arrows are the absolute Frobenius mor-
phisms. It follows from Lemma 11.7 that also ψ ◦ ϕ : X ′ → X ′ is the
absolute Frobenius morphism. By Theorem 3.16, there exists a nonzero
effective Cartier divisor C on X ′ such that
KX′ + (p− 1)C ∼ ϕ
∗KX ∼ 0.
If p = 2 (resp. p = 3), then A := −KX′ (resp. A := C) is a Cartier
divisor on X ′ such that degk1/p A = 2 (resp. degk1/p A = 1). For
D := ψ∗A, let us prove that (1)–(4) hold.
We have a commutative diagram consisting of the induced mor-
phisms
X ′
ψ
←−−− X ←−−− X ×k l ←−−− X
′y y y y
Spec k1/p
≃
←−−− Spec k ←−−− Spec l ←−−− Spec k1/p
where the composite horizontal morphisms are the absolute Frobenius
morphisms. Since
degkD = (degψ) · (degk1/p A),
let us compute deg ψ. It follows that
• [k1/p : k] = [k1/p : l][l : k] and
• [K(X ′)1/p : K(X ′)] = deg ψ × [l : k],
where the latter equation holds, because the isomorphism K(X) ⊗k
l ≃ K(X ×k l) implies [K(X ×k l) : K(X)] = [l : k]. Since [k
1/p :
k] = ptr.degFpk and [K(X ′)1/p : K(X ′)] = ptr.degFpK(X
′), it holds that
[K(X ′)1/p : K(X ′)] = p · [k1/p : k]. We then obtain
degψ =
[K(X ′)1/p : K(X ′)]
[l : k]
=
p · [k1/p : k]
[l : k]
= p · [k1/p : l].
Therefore, it holds that
degkD = (deg ψ) · (degk1/p A) = p · [k
1/p : l] · (degk1/p A).
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It follows from Proposition 7.8(1) that [k1/p : l] ≤ pǫ(X/k). Hence, we
obtain
degkD = p · [k
1/p : l] · (degk1/p A) ≤ p
ǫ(X/k)+1 · (degk1/p A).
Thus, (1) and (3) hold.
To show (2) and (4), we assume that X is geometrically reduced.
Then Remark 7.5 implies that ǫ(X/k) = 0. By [k1/p : l] ≤ pǫ(X/k), we
obtain [k1/p : l] = 1. Therefore, it holds that
degkD = p · [k
1/p : l] · (degk1/p A) = p · (degk1/p A).
Thus, (2) and (4) hold. 
Theorem 11.9. Let k be a field of characteristic p > 0 such that [k :
kp] <∞. Let X be a regular projective curve over k with H0(X,OX) =
k and gX = 1. Assume that X is not smooth over k. Then the following
hold.
(1) If p = 2, then there exists a very ample Cartier divisor H on
X such that degkH ≤ 5([k : k
2])2.
(2) If p = 3, then there exists a very ample Cartier divisor H on
X such that degkH ≤
5
3
[k : k3].
Proof. Let D be an ample Cartier divisor as in (1) and (3) of Theorem
11.8. Set H := 5D. Then it follows from Theorem 11.4 that H is very
ample. It is enough to prove the inequalities as in the statement.
Since the proofs are very similar, let us treat only the case when
p = 2. We have that
ǫ(X/k) ≤ mF (X/k)(log2[k : k
2]− 1) ≤ 2 log2[k : k
2]− 2,
where the first inequality follows from Theorem 8.5 and the second one
holds by mF (X/k) ≤ 2 (Proposition 9.11(5)). Therefore, it holds that
degkD ≤ 2
ǫ(X/k)+2 ≤ 22 log2[k:k
2] = ([k : k2])2.
Hence, we obtain degkH = 5degkD ≤ 5([k : k
2])2, as desired. 
11.3. Non-smooth geometrically reduced curves of genus one.
The purpose of this subsection is to determine non-smooth geometri-
cally integral curves of genus one (Theorem 11.13). To this end, we
shall prove Lemma 11.10, Proposition 11.11, and Corollary 11.12. The
proofs of Lemma 11.10 and Proposition 11.11 are based on discussion
of the author with Fabio Bernasconi.
Lemma 11.10. Let k be a field. Let X be a geometrically integral
Gorenstein projective curve over k such that dimkH
1(X,OX) = 1. Let
D be a Cartier divisor on C.
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(1) If degk(D) ≥ 1, then H
1(X,OX(D)) = 0 and dimkH
0(X,OX(D)) =
degkD.
(2) If degk(D) = 1, then Bs(L) = {P} for some k-rational point
P , where Bs(L) :=
⋂
s∈H0(X,OX(D))
{Q ∈ X | s|Q = 0} is the base
locus of |D|. Furthermore, X is smooth around P .
(3) If degk(D) ≥ 2, then OX(D) is globally generated.
Proof. Let us show (1). It follows from Serre duality that h1(X,OX(D)) =
h0(X,OX(−D)) = 0. By the Riemann–Roch theorem, we obtain
(11.10.1) dimkH
0(X,OX(D)) = degkD.
Thus, (1) holds.
Let us show (2). The equation (11.10.1) implies that Bs(L) = {P}
for some k-rational point P . Let us prove that X is smooth around P .
We may assume that k is algebraically closed. Since a closed point P
is an effective Cartier divisor, the maximal ideal mP of the stalk OX,P
is generated by a single element. Hence, X is regular around P , as
desired. Thus, (2) holds.
Let us show (3). We may assume that k is algebraically closed. Set
d := degkD. For a smooth closed point Q of C, it follows from (2)
that D − (d − 1)Q ∼ P for some smooth closed point P on X (note
that P is possibly equal to Q). Therefore, the base locus Bs(D) of D
is contained in {P,Q}. For any smooth closed point R of X , it holds
that
H0(X,OX(D))→ H
0(R,OX(D)|R)→ H
1(X,OX(D −R)) = 0,
where the last equality follows from Serre duality and degkD ≥ 2.
Hence, Bs(D) does not contain R. Applying this for R ∈ {P,Q}, we
have that OX(D) is globally generated. Hence (3) holds. 
Proposition 11.11. Let k be a field. Let X be a geometrically integral
Gorenstein projective curve over k such that dimkH
1(X,OX) = 1. Let
D be a Cartier divisor on X and set R(X,D) :=
⊕
m≥0H
0(X,OX(mD))
to be the graded k-algebra. Then the following hold.
(1) If degkD = 1, then R(X,D) is generated by
⊕
1≤j≤3H
0(X,OX(jD))
as a k-algebra.
(2) If degkD = 2, then R(X,D) is generated by H
0(X,OX(D))⊕
H0(X,OX(2D)) as a k-algebra.
(3) If degkD ≥ 3, then R(X,D) is generated by H
0(X,OX(D)) as
a k-algebra.
(4) If degkD ≥ 3, then D is very ample over k.
Proof. We may assume that k is algebraically closed. We first show
that
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(2)’ if degkD ≥ 2, thenR(X,OX(D)) is generated byH
0(X,OX(D))⊕
H0(X,OX(2D)) as a k-algebra.
Assume degkD ≥ 2. By Lemma 11.10(3), OX(D) is an ample globally
generated invertible sheaf. We have
H1(X,OX(D)⊗OX(D)
m−1) = 0
form = 1. Then OX(D) is 1-regular with respect to OX(D) (Definition
11.1). It follows from Lemma 11.2 that the induced map
H0(X,OX(D))⊗k H
0(X,OX((r + 1)D))→ H
0(X,OX((r + 3)D))
is surjective for any r ∈ Z≥0. Therefore, (2)’ holds. In particular, also
(2) holds. We omit the proof of (1), as a similar argument can be
applied.
Let us show (3). Assume d := degkD ≥ 3. By (2)’, it is enough to
show that the induced map
β : H0(X,OX(D))⊗H
0(X,OX(D))→ H
0(X,OX(2D))
is surjective. Since OX(D) is globally generated, we obtain D ∼∑d
i=1 Pi for some closed points P1, ..., Pd around which X is smooth.
Consider the Cartier divisor D′ := P1+P2 and the closed subscheme T
defined by the nonzero effective Cartier divisor
∑d
i=3 Pi. We have the
following exact sequence
0→ OX(D
′)→ OX(D)→ OT → 0.
Note that H1(X,OX(D
′)) = 0 by Serre duality. Then we obtain a
commutative diagram
0 // H0(D′)⊗H0(D) //
α

H0(D)⊗H0(D)
β

// H0(OT )⊗H
0(D) //
γ

0
0 // H0(D′ +D) // H0(2D) // H0(OX(D)|T ) // 0,
where the horizontal sequences are exact and the vertical arrows are
multiplicative maps. The map α is surjective because D is 0-regular
with respect to OX(D
′) (Definition 11.1). The map γ is surjective
because OT is 0-regular with respect to OX(D). Therefore, the snake
lemma implies that β is surjective. Hence, (3) holds. The assertion (4)
follows from (3). 
Corollary 11.12. Let k be a field. Let X be a geometrically integral
Gorenstein projective curve over k such that dimkH
1(X,OX) = 1.
(1) If D is a Cartier divisor on X such that degkD = 3, then |D|
is very ample and it induces a closed immersion Φ|D| : X →֒ P
2
k
whose image is a cubic curve.
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(2) If D is a Cartier divisor on X such that degkD = 4, then |D|
is very ample and it induces a closed immersion Φ|D| : X →֒ P
3
k
whose image is a complete intersection S1 ∩ S2 of two quadric
hypersurfaces S1 and S2.
Proof. Let D be a Cartier divisor on X such that d := degkD ≥ 3. By
Lemma 11.10(1), we have
dimkH
0(X,OX(D)) = degkD.
Furthermore, it follows from Proposition 11.11(4) that |D| is very am-
ple. Hence, it induces a closed immersion Φ|D| : X →֒ P
d−1
k .
If d = degkD = 3, then Φ|D|(X) is a cubic curve because ωX ≃ OX .
Thus (1) holds. Let us show (2). Assume d = degkD = 4. We obtain
dimkH
0(P3k,OP3k(2))− dimkH
0(X,OX(2D)) = 10− 8 = 2.
Thus, (2) holds. 
Theorem 11.13. Let k be a field of characteristic p > 0. Let X be
a geometrically integral regular projective curve over k of genus one.
Assume that X is not smooth over k. Then the following hold.
(1) If p = 3, then there exists a closed immersion j : X →֒ P2k
whose image is a cubic curve.
(2) If p = 2, then there exists a closed immersion j : X →֒ P3k
whose image is a complete intersection S1 ∩ S2 of two quadric
surfaces S1 and S2.
(3) Assume p = 2. Then the following are equivalent.
(a) There exists a closed immersion j : X →֒ P2k whose image
is a cubic curve.
(b) X has a k-rational point.
Proof. If p = 3 (resp. p = 2), then Theorem 11.8 enables us to find
a Cartier divisor D on X such that degkD = 3 (resp. degkD = 4).
Thus, the assertions (1) and (2) follow from Corollary 11.12.
Let us prove (3). Assume p = 2. Consider the following conditions.
(a)’ There is a Cartier divisor A on X such that degk A = 3.
(b)’ There is a Cartier divisor B on X such that degk B = 1.
Since we have a Cartier divisor D on X such that degkD = 4, the
conditions (a)’ and (b)’ are equivalent. By Corollary 11.12(1), (a) is
equivalent to (a)’. It follows from Lemma 11.10(2) that (b) is equivalent
to (b)’. To summarise, (a) is equivalent to (b). 
As the following example shows, if p = 2, then there exists a geomet-
rically integral non-smooth regular projective curve of genus one which
is not k-isomorphic to a cubic curve in P2.
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Example 11.14. Let F be an algebraically closed field of characteristic
two. There exists an Enriques surface S over F with a quasi-elliptic
fibration π : S → B := P1 (cf. [KKM, Section 11]). Then π has
multiple fibres (cf. [Bad01, Remark 8.3(c)]). Set k := K(B) and
X := S×B SpecK(B). Then X is a geometrically integral non-smooth
regular projective curve of genus one. Since π has multiple fibres, X
has no k-rational points. By Theorem 11.13(3), X is not k-isomorphic
to a cubic curve in P2.
Remark 11.15. In Subsection 9.3, we exhibit several examples of non-
smooth regular curves of genus one (Example 9.14, Example 9.15, Ex-
ample 9.16). However, by Theorem 11.13, it turns out that all the
examples satisfy either
(1) p = 3 and X is a cubic curve in P2, or
(2) p = 2 and X is a complete intersection of two quadric surfaces
in P3.
The author does not know whether there exists a non-smooth regular
curve of genus one which satisfies neither (1) nor (2).
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